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INTRODUCTION 

The present  naner i s  devoted t o  the theory of characters of l inear  
reFresentations of f i n i t e  ,groups on an arbitrary f i e l d .  

The author’s r e s u l t s ,  published i n  [!3] and [9], are  generalized i n  81- 
The concent of the -character of a f i n i t e  group 

sec t  ion. 
An S -mapping of a f i n i t e  group G i s  such 

CP group i n t o  i t s e l f  a s  defines t h e  subst i tut ion 5x1 

i r reducib le  characters of t h i s  group. The c l a s s  of 

group G i s  exhausted by those one-to-one mappings 

i s  introduced i n  t h i s  same 

a one-to-one mapping of a 
the  s e t  of continuously 

S -mEppings of a f i n i t e  
of a group i n t o  i tsel f  as 

. 
transform the  c lasses  of conjugate elements i n t o  each other and, hence, induce 

an awtomrphism of the  algebras of these classes .  
The 6 character of a group G , where 9 is a g o u p  of s -mappings 

of t h i s  group, is defined as the  sum of different  characters obtained from the 
absolutely i r reducib le  character by t h e  effect of all transformations from 
t h e  group on it. 

f 

Relations which generalize t h e  c l a s s i ca l  dependences between absolutely 
characters.  Here, 

where a & G 
i r reducib le  characters of a f i n i t e  group are  proved f o r  
9 divis ions of a group, sets of elements of  t he  form c-’V(a)c 

is  a f ixed olemont, c runs through the group G and 9 i s  a group of S 

manpings of 9,  p lay  t h e  p a r t  of classes of conjugate elements. 

Relations between the characters of a group G on an a rb i t r a ry  f i e l d  
K1, whose cha rac t e r i s t i c  does not 
from general r e l a t ions  between 9 characters if is taken t o  be a group of 
3 -mappings of the  form a -*a’ (a  €5 G) , where IJ. runs through the in t ege r s  
correspondhg t o  the automorphism E -+E’ of  a f i e l d  R!(E)  on K t  (e; is 
a pr imit ive n-th r o o t  of 1 , n i s  t h e  l e a s t  common multiple of the o r d e r s  
of the  elements o f  the group 3-1 t h i s  case we c a l l  the C$ divisions of 

the  group G , the  K’ -divisions o f  the group. 

nappings of the  group G generated by a group of  inner  automorphisms of the 

divide the order of the  group,are obtained 

G ) .  

If S i s  a normal divisor  o f  the group F and 9 i s  a group o f  S 
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4 g r o q  F , then the 4 characters of G agree w i t h  the r e l a t i v e  characters 
of the group G w i t h  respect t o  F introduced by Frobenius [3]. 

Also considered i n  81 are applications of the r e su l t s  on 5 characters 

t o  the question of the isomorphism of centers of group algebras. 
92 is devoted t o  induced representations. 'PWO known theorems of R. 

Brauer 
a c t e r i s t i c  zero are  generalized t o  representations on an a rb i t r a ry  f i e l d  

of zero charac te r i s t ic .  

on induced representations on an algebraical ly  closed f i e l d  of char- 
K' 

Let us c a l l  the  K t  -characters of a group G the  characters of linear 
representations of a group G on a f ie ld  K 1  . We s h a l l  c a l l  integer linear 
combinations of characters of irreducible representations of a group G on a 

f i e l d  K'  ( i r reducible  K' -characters) generalized K' -characters. 
L e t  us agree t o  c a l l  a subgroup sa t i s fy ing  the following condi- 

1) E is  a semi-direct product of a cyc l ic  normal divisor H = ( a )  of  

2)  For any element g F we w i l l  have g-lag - a' , where p is an 

E C G  - 
t ions  a K' -elementary subgroup of the  group G : 

order h by the p -group F(p,h) = 1 . 
integer such t h a t  the mapping 

Kt(c)  on K' ( e  is a primitive m-th root  of  1 , m is  the order of the 
&+eCL defines the automorphism of a f i e l d  

group G 1. 
The following equivalent statements a re  proved: 
I. Each irreducible K t  -character of a group G i s  represented as an 

integer l i n e a r  combination o f  'XI -characters induced by i r reducible  

ac t e r s  of K' -elementary subgroups of the  group G , 

values i n  the  f i e l d  K " 3  KI i s  a generalized K 1  -character of t h i s  group 

i f  and only i f  f (g)  is a function of the K t  -divisor of the group G and 

the  function f ( g )  ^induces a generalized K' -character of t h i s  subgroup on 
each elementary subgroup of  the group G . 

The method of [7] is  used t o  prove statements I and I1 . 
Furthermore, a theorem reciprocal t o  THEOREM II ( a  r e s u l t  of [13] is 

K t  -char- 

11. The function f ( g )  (g G) prescribed on the group G , with 

- 

generalized) is  established as  i s  a theorem on the unsolvabili ty of an in tegra l  

a l so  studied between the 

analogous t o  the known Frobenius re la t ions.  

b r ing  of characters of a f i n i t e  group i n  a d i r ec t  sum of i dea l s .  Relations are 

$ -characters of a group and a subgroup, which are 
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A b r i e f  explanation of the fundamental r e s u l t s  of 02 was published in 

The following notation w i l l  be used i n  the  sequel: 
G - f i n i t e  group 

h - the  order of G 

n - t h e  l e a s t  common multiple of the orders of the  elements of t he  

g r o w  G 

5,. . . ,C - classes of conjugate elements of the group G 
S 

hi- order of the class  
K * -  an a r b i t r a r y  f i e l d  whose cha rac t e r i s t i c  does n o t  d i v i d e  h 
K - algebraic closure of K P  
K - f i e l d  of complex numbers 
R - f i e l d  of  r a t iona l  numbers 

-4 - prime idea l  of a f f e ld  
E - primitive n-th root  o f  1 

Ci (i = 1, ..., s)  

A 

R( e) , dividing t h e  nrime p 

R(G,Kr)- group algebra of the group G on the f i e l d  KI 

q, . ., 5'- a l l  i r reducible  representations of  t h e  group G on Kt 
q, .. . , F- a l l  i r reducible  representations of t he  group G on ^K 
5,. . .,I?- a l l  i r reducible  representations of t h e  group G on H 

S 

S 
?(g)-  character of  the representations 5' ( i  = 1,. . . ,r) 

Jj(g)- character of the representations f j  (j = 1,. . . ,s) 
;X (g)- character of the representations 5 (j l,...,~) 

- degree of  t h e  representation 5 ( 5  = 1,. ,s)  

- sum of  elements of the c l a s s  Ci i n  R(G,K') 

3 
"i 

ki 

ZIc9- center of t h e  algebra R(G,KP) 

A d,, . . .,es- complete system of minimum idempotents of the  center of R(G,k) 
c 

81. -CHARACTERS AND CHARACTERS OF REPRESENTATIONS ON AN 
ARBITRARY FIELD 

Let G be a f i n i t e  group, K t  an a rb i t r a ry  f i e l d .  
It i s  assumed throughout t h i s  paper t h a t  the cha rac t e r i s t i c  of the 

f f e l d  K *  does not  divide the order  of G . 
The group algebra R(G,K') decomposes i n t o  the d i r ec t  sum of minimum, 

s mutually- can c e l l  fng two-sided ideals : 

(1.1) R ( G , K ~ )  = y .e ... + I; (1i-1; = o , i f  i # j )  
The expansion of the  center ZKB of  the  algebra R(G,K1) i n t o  the  
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following d i r e c t  sum of f i e lds  corresponds t o  such an expansion: 

( Z l  is the  center of the idea l  1; 2 ? * 2 !  = 0 if i # j). 

f i e l d  K o ( t )  . 
1 J  

Each f i e l d  Z l  (i = 1,. . , r )  is isomorphically a subfield of the  

Because of (l.l), fo r  un i t  R(G,K' )  t he re  holds an expansion i n t o  a sum 

f o  pairwise orthogonal minimum idempotents of the center: 

(1 .1) + e; ( e i  < Z; j e t a e l  = o for  i # j) 1 = e i  + ... i 3  
A two-sided idea l  Ii ( i  = 1,. . . ,r) decomposes i n t o  t h e  direct  sum of 

minimum l e f t  ideals:  
1; = Iil + . . . + Its (i = 1, . . . 9 r )  (3.1) 

i 
lh conformance w i t h  (3.1), the minimum idempotent of the  center e l  

R(G,K1) : (i  = 1,. . . , r )  is represented as the sum of minimum idempotents of 
e l  = e + ... + e  (i = I,. . . ,r; Iij; eij-eik = 0 

for j # k 1 
e i j  

il 

Each minimum two-sided i d e a l  Ii is  isomorphic t o  the  complete matrix 
r i n g  on the  body Di , a f i n i t e  extension of t h e  f i e l d  K s  . The f i e l d  Z l  is 
the center of t h e  body Di ( i  = 1,. . .,r) . 

According t o  general theorems of algebra [l], the dimension of t he  body 
2 Di on i t s  center Zi i s  mi , where mi i s  an integer  cal led the index of  

the  body Di (i = l , . - . , r )  . 
G 

on a f i e l d  KB is  r . To each two-sided idea l  1; (i = l , . .* , r )  there  cor- 
responds an k reduc ib le  representation Pis , on K g  , of the  group G which 
is defined by any minimum l e f t  idea l  

The number of nonequivalent irreducible representations of the  group 

IC Ii 
Ia R(G,KO) 

( i  = 1, ... ,r) - 
An a r b i t r a r y  l e f t  ideal can be considered as an addi t ive - 

group with a r ing  of l e f t  mera to r s  of R ( G , K P )  . I is a minimum i f  and only 
i f  the  r i n g  of operator endomrphisms of an addi t ive pour, 

(i = 1,. . . , r )  a r e  operator isomorphic. 
The body Di ( i  = 1,. . . , r )  
morphisms of any of  these idea ls .  

I is  a body, 
0 1  minimum l e f t  ideals  I C  1; - 

is inversely isomorphic t o  a body of operator endo- 

The i r reducible  representation qg , on K 9  , of the  group G decomp- 
oses on the  f i e l d  i n t o  a sum of absolutely i r reducible  representations:  
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* where each absolutely i r reducible  
i n t o  the expansion qf with the  

body Di (i = l , , . . , r )  [b]. The 
of the representations f? ( j  = 

lj 

representation I.. ( j  - 1 ,..., qi) en ters  

same mul t ip l ic i ty  

number mi i s  called the Schur index of any 
1, ...,si) re l a t ive  t o  the f i e l d  K' . 

=J 
mi , t h e  index of the 

The Schur index mi 

As R. Brauer showed l16], each representation of a group 

i s  a divisor of the powers of the absolutely 

i r reducible  representations ej ( j  = 1 ,... ,qi j i = l , . . . , r )  . 
G on a f i e l d  

A 

K i s  equivalent t o  a representation i n  the f i e l d  n ( e )  , where fI i s  s 

simple subfield of the f i e l d  ? . 
Absolutely i r reducible  representations of the group G on a f i e l d  of 

Characterist ics p > 0 

the f i e l d  R(e) . 

of 9 -integers3 o f  the f i e l d  

$ (i = 1, ... 
a t ion  g*Ila 
a re  replaced by the corresponding classes of residues 
absolutely i r reducible  representations of the group 

can be obtained from irreducible  representations on 

If p i s  a prime ideal  of a f i e l d  R ( E )  dividing p and T is a r ing  
R( E )  , then each irreducible representation 

in the f i e l d  R ( & )  is  equivalent t o  the matrix represent- 
If the elements f T 

mod g, then all the 

t 3 
Sk (g) l  I ( g C  G) , where u(i) 6 T. 

j k  j k  

G on a f i e l d  of character- 

i s t i c s  p can be obtained f r o m  t h e  representations 5, ..., r . S 
Hence, a one-to-one correspondence is established between the characters 

)$, . . . ,$s of the i r reducible  representations of G on the f i e l d  of complex 

numbers [these rmresentat ions are  realized in the f i e l d  R(e) J and the char- 
acters  4,. . .,$, of the absolutely irreducible representations of G on a 
f i e ld  of character is t ics  p since the character &(g) is  obtained from the  

character 3 (g) ( 5  = 1,. . .,s) by reduction mod g . 

5,. . . , 3 
r e l a t ions  : 

/r 

A 

A 
i 

The characters 4 ( g ) ,  . . . ,Fs(g) of the irreducible representations 
4 

of the group G on the f i e l d  s a t i s f y  the following basic  
s 

(gly. .  . ,gs is  a system of representatives of c lasses  %,. . .,c j xi;) S - 
a r e  non-negative integers) .  

a re  in teger  e lemnts  of the f i e l d  R(&) and b 0 (mod . * The r ing  T consists of 611 elements E (b # 0) where a and b 
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S I %  1 0 if  a and b belong t o  d i f f e ren t  
Ci ana ci classes  z Frn(a)Prn(b-’) = [ - 3 

m = l  i f  a , b C C i  
hi 

The equa l i ty  (IV) can a l so  be wr i t t en  as follows 

( $1) 

From (111) f o r  b = 1 , we obtain 

If Tj(g) = 1 then (Io*) becomes 

‘0 if f 1 
n - t h i f  &(g) p 1 

4 
( rJ> 2 l( i(d = 

f$G 
1 n 

The center % of the  group algebra R(G,K) i s  an algebra on K , 
which decomposes i n t o  the sum of 
the f i e l d  fi . 
the  nota t ion  ( S a  

s pairwise orthogonal. f i e l d s  isomorphic t o  
A 

m e  elements kl, .. .,k and the idempotents G1, ..., e [see 
S S 

f o r m  two bases of the algebra Zg on 2 . 
The following formulas hold: 

(4.1) 

DEFINITION 1.1. The 

i t s e l f  will be called an S 
(i = 1,. . . ,s) the  function 
character.  

It evidently follows 

( g i E  ci ; i - ~,.~.,s) 
one-to-one mapping (Q of the group G onto 

-mapping of the  group i f  for  aqy character Pi(g) 

)LI(q(g)) is a l s o  an absolutely i r reducib le  

t h a t  Fi(g> = )(j(g) fo r  a l l  g G . Therefore, t h e  S -m&ping 9 defines 
a subs t i tu t ion  in the  s e t  of irreducible character of the group G on the  
complex number f i e l d  . 

It is  clear  t h a t  i f  Q ,  9 a re  S -mappings of t h e  group G then V1 
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e 
and Cprk  are a l s o  S -mappings. 

A 
REMARK 1.1. As has been noted, the  characters 4,. ..,7(, of the  irreduc- 

ib l e  representations of  the group 

whose charac te r i s t ic  does not divide the order of the group, are obtained from 
complex characters ,&, . . , ,Fs by a reduction 

4, ...,& i n to  i t s e l f  fo r  any f i e l d  k . 

transformation CP of the  linear space of the group algebra R(G,Kt), defined 

G on an arbitrary algebraic closed f i e l d  2 

mod p. 

Therefore, the S -mapping CP defines a one-to-one mapping of the set 

DEFINITION 2.1. Let CP be an S -mapping of the group G . The l inea r  

by the formula 

.(j1 vi) = E, =iq(gi)  (a i& K t )  

(gl, ...,gh are elements of G) w i l l  be called an S -mapping of the algebra 
R(G,Kt) induced by the mapping 9 of the group G . 
algebra R(G,Kf) and t h a t  S -mapping of the group which induces t h i s  mapping. 

In  the sequel, we s h a l l  not distinguish between the  S -mapping of the 

Ekamples' of 
1. Arbitrary automorphism of  a group. Actually, i f  Fi(g) is  the 

S -mappings of a group: 

character of an i r reducible  representation g 4 ( g )  of  the group G , then 
&('P(g)) is  the character of an irreducible representation g +A(q(g)) of 
t h i s  group. 

2.  The transformation V(g) = g' (g G) , where (b,h) - 1 . The 
r, 

transformation 0 can be put  i n to  correspondence w i t h  the automorphism V of 

the Galois group o f  the f i e l d  R(c) on R : q ( c )  = ccl . Hence, the following 
formula i s  correct: 

rJ 

rJ 

(5.1) 9 pi(g)] - &(gP) 
91 q r  

4 . . . 4 e Actually, i f  )li(g) = c ( the  values of each character are 

the sums of  the roots  of unity), then 

On the other hand, 
matrix Ap are  p -parers of the eigennumbers of the matrix A . 

&(gp) = c 4- ... 4. c '" since the  eigennumbers of the  

Because of (S.l), &(lp(g)) i a  t he  character of tha t  representation of 

the group G which i s  obtained from the representation corresponding t o  
the character & (i = 1,. . . ,s) as a r e s u l t  of the automorphism CP of the 

I- 
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. f i e l d  of representations R(c) . 
LEMMA 1.1. Each 5 -mapping CP of the group G transforms the  classes  

of conjugate elements of a group i n t o  each other.  

PROOF. Let a € G . If q(a) and 'P(g-'ag) belong t o  d i f f e ren t  
c lass  e s Ci f o r  a ce r t a in  element g G , then because of (111) 

But l(i((P(g-lag)) = )li(v(a)) since the characters  &('P(g)) are functions of 
the  c lass  of conjugate elements. Therefore, on the  bas i s  of t h e  same r e l a t i o n  
(III) : 

where h is the order of t h e  class C i 3  q(a)  . Contradictions are obtained. - 3 
LEMMA 1l.l. If 9 is a S -mapping of t he  group G , then q(1) = 1 . 
PROOF. Let 7(1(p(g)) - &, (g) (i - 1, ... . Then Ti(W(l)) = nr 

i s  the  power of the representation corresponding t o  the character Tr 
i i 

i i 
(nr 

If V(1) 1 , then because of (111) 

). 

8 S 

which i s  impossible. 
COROLLARY. For aqy S -mapping CP t h e  powers of t h e  absolutely irreduc- 

ible representat ions corresponding t o  the characters Fi(g) and  

pi(P(g)) = Fr (g) ( g  € G)  coincide. 

Actually, ni = $i(l) = Fi (W))  = Fr (1) - nri . 
I 8 M M A  2.1. The S -mapping CP o f  t h e  algebra R(G,%) transforms t h e  

i 

i 

minimum idempotents of the center 

(4lI.l) 

i n to  each other.  
Actually 

i r reducib le  representat ion of power ni 
t o  LEm l l . 1 ,  then we obtain, from a comparison of (bll.1) and (6.1), t ha t  

corresponds, by vi r tue  of the  corol lary 
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'P( gi) is  the minimum idempotent of the center R(G,;) . 

is an 
center 2 of the algebra R(G,K) for which the  elements ki (i = 1,. . . ,s)  

transform i n t o  one another. 

THEOmM l'.l. The one-to-one mapping CP of the group G i n t o  i t s e l f  
S -mapping of a group if and only if CP induces an automorphism of the 

PROOF. The subst i tut ion of idempotents :::) corresponds t o  

each automorphism $ of the algebra Z on K and, conversely, any of the 
s! subst i tut ions of the elements el,. . . ,e determines an automorphism of 
the algebra 2 on K ( 2  P Kel + , . . 4 Kes) . Therefore, i f  CP induces an 

automrphism of the center,  then 

S 

(6'.1) 

Comparing coeff ic ients  for  1 in the r igh t  and l e f t  s ides  of (61.1), we obtain: 

from which 
"i = 9, 

(g 5 G ; i - 1, ..., s) 
A 

Therefore CP is  an S -mapping of the group G . 
The necessity of the conditions of the theorem results from LEMMA 2.1  . 
COROLLARY. If CP is  an S -mapping of the group G and a G G , then 

( 7  .I> Q(a-1) = g-l [ q ( a ) ~ - l g  (g € G) 
PROOF: Let q(ki) = k (i = 1,. , . .s) . If 

r i  S 
(7'.1) kikt = I: X;tkm 

m d  
then because of THEOREM ( 1 l . l )  

(8.1) 
S 

k k = Z &crm 
ri *t m=l 

Let us assume t h a t  the elemants k are enumerated so tha t  l y l ;  3 
Ct , 

Then, from (7'.1), the following equal i ty  r e su l t s  -1 a C i ;  a 

[see the notation (A)J and (8.1) shows t h a t  the c lass  

element 

1 X i +  = h i  P h t  
k contains t h e  

1 't 
LV(a)]'' (otherwise, the equality lit = 0 must hold). 

Naturally, the question occurs: Do S -mappings of a f i n i t e  group e x i s t  
which determine such a subst i tut ion of the set of c lasses  of conjugate elements 

of t h i s  g o u p  as i s  not induced by some mapping of the form CPq , where CP i s  
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an automorphism of the  group and \k is a mapping of form g 3 g '  [g G ; 

(p,h) = 11. The following example yields an affirmative answer t o  t h i s  question. 

L e t  us consider a group G of 36-th order with the defining re la t ions :  
-1 2 c" lbc= a , d - 1 ,  a 3 = 1 , b 3 = l , a b = b a , c  2 = l , c  -1 a c = b  , 

d'lad = a , d-lbd = b-l , cd = d c  . 
The classes of conjugate elements of t he  group G are: 

% =  

c7 = 

c =  4 , a2b2cd{ 
Y a%'.] 

Let us show t h a t  a transposit ion of t h e  c lasses  (C8,C9) is an auto- 

morphism of the center Z of t h e  algebra R(G,K) . Actually, t h e  product 

C.C , where i, j < 8 , contains only elements of t h e  c lasses  C (1 q 4 8) 
and f o r  t h e  elements k8 and k corresponding t o  the  classes  C8 and 
the  following multiplication t ab le  holds: 

1 3  9 
9 ,  c9 ' 

(hi is the order of t he  c lass  Ci) 
t o  which the  t ransposi t ion (c8jc9) remains unchanged. 

which induces the  automorphism a = (C , C  ) of the center Z of the  algebra 

R(G,K) . 
cP(d) = aibjc . The equal i ty  o-lxc = IC-' i s  satisfied only for the  elements 

ab, a b , a b and ab2 of the  group (a)x(b) . is one of 

these elements; the  la t ter  is  a contradiction t h a t  t h e  automorphism CP remains 

at  t h e  place of t he  class C2 - {a,a'l,b,b-l] . 
c la s s  ( i  - 1,. . .,9) , then we have thereby proved t h a t  no mapping of t h e  

form CPq exists, where CP i s  an automorphism of t h e  group G , a$(g) = g' , 
(p,36) = 1 (g G) , which induces the S -mapping a = ( C  , C  ) of t h e  

center Z . 

Let us assume t h a t  there  exist8 an automorphism CP of the  group G 

8 9  
Then cP(d''ad) = V(a'l) , from which c-l(P(a)c - LcP(a)]-' because 

2 2  2 This meana g(a)  

Since any mapping g+gv, ( ~ ~ 3 6 )  = 1 , remains a t  t he  place of each 

Ci 

8 9  

LEMMA 3.1. Let  R be a finite-dimensional, l i nea r  space on the f i e l d  

M = [?,...,urn] P ; 
and M' = {ui ,...,urn 1 are such two bases of R on P t h a t ,  under the  e f f e c t  

S a group o f  l inear  transformations of the space R ; 
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of the transformation CP C I , the vectors of each of the  s e t s  M and M' 
transform in to  each other,  Let t h e  sets  M and M I  decompose i n t o  noninter- 
secting subsets of mutually P -equivalent elements: 

Y 

Then the vectors vl = u y )  * ... + 
9 

4 ... + u'  (1) ,..., v '  form two bases of the (1) 
v i  u i  9, 

.L -r 
subspace gcR - consisting of a l l  vectors of the space R keeping each trans- 
formation CP < P, and, therefore,  r = 9 . 
basis  M = 15,. . .,si is  a system of pairwise orthogonal minimum idempotents 
of the algebra R , then R is a sub-algebra of R . 

If the vectors uk and u belong t o  one subset Mi , then there  e x i s t s  a 3 
transformation (P 6 ? such t h a t  V(u ) = uk . Then 

j 
q ( X )  = X1'P(ul) + . . . 4 xjuk 4 . . . . 

E, above a l l ,  R i s  a semisimple c o m t a t i v e  algebra on P and the 

IJ 
4 e.. 4 "knk 4 e . .  € R ( I i E p )  . xj'3 PROOF: Let x = >lul 4 ... 

on the  other hand, 

'(XI = x = x l u l  + .. 4 Xk\ j t h i s  mans x j  xk 
Hence, the coeff ic ients  for  the vectors of one s e t  Mi i n  the  

expression fo r  x agree, wherefore we conclude tha t  x i s  represented as a 
linear combination: x = 3' v + ... + d v 
other hand, vi € R (i = 1,. . .,q). , Therefore, the vectors vl,. . . , v  form 
a basis of R . In exactly the same manner, we f ind  tha t  v i ,  ..., v1 i s  a 
bas i s  of . 

( r i g  P ; i = 1,. . . ,q) . On the 
r, 1 1  9 9  

rJ 9 
r 

If R is an algebra over P and 5, .  . . ,% a re  pairwise orthogonal 

idempotents of R , then 

i f  i = j  
N i V 

9 9 9  
This means 

(ri ,piG P) , i . e . ,  R is  a subalgebra of R . 
(glvl +. . .+ T v )(plvl *. ..* f3 v = rlplvl *. . .+ V f3 v 6 R 

1) 9 9  9 9  

LEMb%l is proved. 

Let X = t%l,. . . be a s e t  of characters of representations of G 

; 
. . ,aSj a s e t  of minimum idempotents of 

which are i r reducible  on 
elements of the  group G ; M = 

Q = i5,. . .,Csf a s e t  of classes of conjugate 
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A 
the  center of R(G,K) ; 9 i s  an arbitrary group of S -mappings of R(G,k) . 

In view of L E m S  1.1 and 2 .1  , Q and M decompose under the  e f f e c t  
of transformations from P of the se t  X i n t o  non-intersecting regions of 
trans it ivity : 

U M  ; x = x p  ... u x  ; M =  3u..' Q = Q1u ...u Q 9 r 9 
where 

DEFINITION 3.1. The s e t s  X1,,,.,X w i l l  be cal led ?! divis ions of 
the  characters of G the  s e t s  %,.,.,M q e  9 divis ions of minimum idem- 

¶ 
potents of the  center of R(G,K) . The se t - theore t ica l  sum T of elements 
of the  group G belonging t o  c lasses  from t h e  set 8 ( j  = 1, ..., r )  w i l l  be 

called a 9 divis ion of  t h e  group G . The characters of one 3! div is ion  of 
characters and elements of one 
9 conjugates. 

9 

3 
j 

9 d iv i s ion  of  a group we s h a l l  agree t o  c a l l  

Ekidently the elements a, b < G (the characters ?i(g) a n d  Nj(g) ] 4 

are  ii? conjugates if and only i f  there e x i s t s  an S -mapping 9 P such t h a t  
b = c -1 'P(a)c [correspondingly, 3 j (g )  = ai(9(g))  1. 

On the  basis  of the  corol lary of LEMMA 1 , t he  powers of absolutely 
r\ n 

i r reducible  representat ions corresponding t o  the  characters  

(10.1) 

gil,. . . ,Xb of  
i one 9 division Xi (i = 1, ...,q) coincide: 

nil = ... = n iri ( i  = 1, * , ¶ I  
contained i n  one 8 div is ion  T ( j  = 1, ..., r )  

jlJ** "jqj s The classes  C 
also have the  ident ica l  order. 

potents  define each other (g-' runs through t h e  group 9 when 9 runs through 

t h i s  group): if the character $!ij E Xi , then t h e  idempotent 

Because of (61.1) and (9.1), the 5 div is ions  of characters and idem- 

A e . .  -2 2 2ij(g-1)gE Mi 

g€G 1J 
(r The minimum idempotents el . . . ,es of the center R(G,hK) and t h e  

elements kl"",ks [ki is the sum of elements of the  class Ci i n  R ( G , t )  ] 
form two bases of t h e  center Zfi sat isfying t h e  conditions of LEMMA 3.1. In 
conformance w i t h  (9.1), l e t  us put  

N A  fi (109.1) t = kjl +,..+ k ( j  = l , . - . , r )  j ei = eil +...+ e (111 ,..., q) 
i 5 jsj ir 
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3 The element t i s  the  sum of elements of t h e  P div is ion  T 3,. 
( j  = l , . . . , r )  i n  R(G,K) . 

Because of LEMMA 3.1, we obtain t h e  statement: 
THEOREM1.1. The elements tlY...,t and t h e  idempotents el,...,e r ¶ 

form two bases of the subalgebra 

rr N 

of the center 3 of t h e  algebra R(G,f?) 

3" - Z$ 
a t ion  CP 6 % . 
bJ 

consis t ing of a l l  elements of the  center maintaining each transform- 

Hence, there  r e s u l t s  i n  par t icu lar  t h a t  the number of 9 div is ions  of 

characters of t he  group G equals the number of 4? divis ions of t h e  group, 
COROLLARY, The following formulas hold: 

¶ A 
Y 

9 
(11.1) ti = z QijGj , e i  = Bijtj ( a i j ,  p .  1j E. K j i,j = 1 ,..., q; 

(12 .1)  t.t = z xij (m), (I'm) are non-negative integers)  

/ y N  e.e  = o i f  i # j )  j -1 j 31 
l j  

i j  j m.;l 
Formulas (11.1) are a generalization of the equal i ty  (4 .1) .  

L e t  us note t h a t  because of (11.1) the  following equal i ty  i s  s a t i s f i e d  

The r e l a t i o n  

( 1 2 . 1 )  expresses the  l a w  of composition of 9 divis ions of a ,goup. 

J 

for  any element x E ZR and an arbitrary idempotent si 
W.1) 

( i  = I,. . . ,q) : 
At Ir N 

xei = le i  (X 4 K ; i = 1, ..., q )  
#-+ 

DEFINITION 4.1. We s h a l l  call  the idempotents 
potents  of a center maintaining t h e  e f fec t  of a l l  the  transformations from t h e  

group 3 , the  9 idempotents of the center of R(G,K) . The idempotents 

el ,... ;$ 

K 
transformations (0 c e ,  a h character. The sum of characters of one B 
div is ion  of  characters 

e E Zk , i .e . ,  idem- 

A 

rJ w i l l  be called t h e  m i n i m u m  4! idempotents of t h e  center. 
We s h a l l  agree t o  c a l l  t he  character of a ce r t a in  representat ion G on 

(not  absolutely i r reducible)  which remains i n  place under the e f f ec t  of a l l  

9 

e 
( 1 2 '  .1> = ai1(g) + 0 . 0  + il (g) ( 5  = I,*.*,q ; g f  G )  

iri w i l l  be cal led an i r reducible  9 character of G . 
The representat ion 0 on ^K whose character i s  a Q character,  we 

Since ?k is a semisimple commutative algebra w i t h  a basis el, ..., e 
shal l  c a l l  a Z representation. 

then each 9 idempotent e € % is  represented uniquely as t h o  sum of cer ta in  

of t h e  minimum H idempotents ei ( i  - 1, . . . ,q )  . The minimum idempotents 

* Er 

rr a 

H 

are  not representable a s  t h e  sum of & idempotents of the center.  d d 
e l ,  ,e4 
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Because any representation of the group G over K i s  completely 
reducible, taking LEMMA 3 i n to  account we arr ive a t  the following conclusion: 

LEMMA h.1. Each i a c h a r a c t e r  ?(g) on the f i e l d  2 is represented 

a s  an integer linear combination o f  irreducible B characters: 

.L 

Evidently there e x i s t s  a one-to-one correspondence between the irreduc- 
A 

i b l e  P, -characters on an arbitrary f i e l d  K and the i r reducible  f -characters 
on t h e  f i e l d  of complex numbers 
characters of i r reducible  representations on these f i e l d s .  

from the d -character on the f i e l d  K t o  the !E -character on the f i e l d  K 

of charac te r i s t ics  p i s  accomplished by reduction mod [see (A)].  1 

a function of the +-d iv is ion  of G : 

(13.1) 
i f  the elements a, b € G a r e  Q -conjugate. 

a13 the characters of G irreducible over a , Q -conjugate t o  9, ; 
b = V(a) ( V  6 Q ). Then 
Xi(b) = 2il((P(a)) *. . .* ?ir (%)) = &l(d +. . .+ Xiri (a)  = &(a) because 

characters from one Q -division of characters transform i n t o  themselves under 

the  e f fec t  of the S -mapping (P , 

Relations similar t o  

K because of the same correspondence between 
(The t r ans i t i on  

A 

N 
THEOREM 2.1.  Each irreducible H -character fi(g) (i = 1, ...,q ) is 

PJ rr N 

PROOF. Let ?,(a) =?,(a) + ... + gbi(a) where $il,..*,$iri are 

A Ir 4 

i 

(I) - (IV) for  the  characters of absolutely 

i r reducible  representations can be established between the irreducible 
ac te rs  xi of the group G . 

5 -char- 
A 

Let us introduce the notation: 

ti - the  number of elements (orders) of the 

ti - the sum of the  elements of the 9 -division Ti i n  R(G,%) (i=l,. ..,q) 

H -division Ti (i = 1, ...,q) 

¶ 

of the characters 

. . ,bq - the system of representations of the 9 -divisions T1,. . . ,T 
(B){ ri - the number of absolutely irreducible characters i n  a I -division 

(i = 1, ...,q ) 

- the degree of an absolutely i r r e h c i b l e  representation correspond- 
ing t o  any of the characters ? 

[see (10.1)7 
(j = 1,. . . ,ri; i = 1,. . . ,¶) $3 
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In deriving the r e l a t ions  between the  P -characters, TT? ?-ill assure 

t h a t  the charac te r i s t ic  of the f i e l d  

ri (i = I, . . . , q  . 

f o r d a s  (11.1) can be wri t ten as: 

fi does not divide the numbers ti and 

Because of (4.1), (lO.l), (lOl.l), (12I.l) and (13.1), the second of 

(lF.1) 

Let us take two i r reducible  I -characters of the group G : 
r rJ 

(14.1) %i(d $i l (g )  +...+ 2 0  (g) and )(j(g) = ?jl(g) *...* iCjr (g) 

The product 2i(g)*%j(g) is evidently a S -character of G since f o r  the 
S -transformation CP € 3 

r, =i j 

4 
7 ( i ( W )  * 2 j ( w )  - $i(g)-3j(g) 

Therefore, because of LEMMA 4.1, w e  obtain 

( the  first r e l a t ion  between the irreducible S -characters). 

As a consequence of ( I V 1 )  

This means t h a t  

(IV' ') 

(the fourth r e l a t ion  between the irreducible * -characters). 

if i + j  
g a  2 3i(g)5j(lz-;) - gi for  i - j 

Because of (13.1), formula (IVlt) can be wr i t ten  as: 

(IV"') 

Let us put 

(15.1) 

J 

u 

Then (ITs I )  shows t h a t  between the matrices I laij I I and I IS 1 1 there 

ex i s t s  the dependence: 13 

(16.1) 1 laij 11-l = I I I 
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Therefore 

(1110) 

if  k f i  

i f  k - i  

i f  i # k  

if  i - k  

( the t h i r d  r e l a t ion  between i r reducible  5 -characters).  

B y  v i r tue  of (llll.l) and (15.1) 
9 9 

gi = Z &(bil)tm = 2 aimtm 
"i m = l  m = l  

Then because of (16.1) and (15.1) * 

(17.1) 
9 h N  9 $m(bk) cI 

m $(b )eN = $  Z -8 = Z 6  ("sm)- Z -.- n -r m = l  m m km nm herm nm m k m m = l  m=l tk 

N N 
from which, i n  view of the  orthogonality of the idenpotents 

obtain: 

e,., ..., e , we 9 

(18.1) "j =njlj 'Ik 2.+bk)Zj 

Multiplying both s ides  o f  (12.1) by gk and taking (15.1) i n to  

account, we a r r ive  a t  t h e  re la t ion:  

(second r e l a t i o n  between i r reducible  

ac t e r s  xi( g) coincides with t h e  absolutely i r reducible  character $i(g) 

(i = 1, ..,s) then each iE -division Ti o f  the group G evidently coin- 
cides w i t h  t h e  class of conjugate elements Ci ( i  - 1,. s . s )  and formulas 

(Iv) - ( I V s )  transform, respectively, i n to  the r e l a t ions  (I) - (IV) between 
t h e  absolutely i r reducible  characters. I n  t h i s  case, formulas (llvt.l) and 

(17.1) do not d i f f e r  from (4.1). 

f i n i t e  s e t  M 5 St the  normal divisor of (h j: 

subsetsof B p  -equivalent e l m n t s  in to  which M decomposes under the  e f f ec t  
of a transformation from 3' . Then any tr tnsformation CP E 3 transforms 

3 -characters).  

I f  t h e  group of  S -mappings of 3 is  such t h a t  each of the 3 -char- 

LENMA 5.1. Let H be a group of mutually one-to-one mappings of % e  

C$, . . . ,Qs nonint er s e e t  ing 
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' C  

the subsets 81,. . . ,Qs 
t h a t  b = $(a) . Since 8' is  a normal divisor of the group 9 then 

in to  each other. 

PROOF. If a,b Qi , then there e x i s t s  a transformation J/ 4 H q  such 

elements cP(a) and O(b) are  $1 -equivalent and belong t o  a cer ta in  subset 

Qj . Hence, CP(Qi)  C_ Qj , I n  exactly the same manner we obtain 9-'(g3) 5 Q, , 

Therefore, (P(Qi) P Qj . 
The LEMMA is proved. 
It is possible t o  consider mutually one-to-one mappings of the group G 

i n t o  i t s e l f  which play the same par t  w i t h  respect t o  
€-divis ions a s  do the 

i b l e  characters and classes of conjugate elements of the group. 
DEFINITION 5.1. A mutually one-to-one mapping CP of the group G 

1) 

2) For any irreducible Z -character 2(g) of a group G over a 
i s  a l s o  an i r reducible  

h -characters axd 

S -mappings with respect t o  the absolutely irreduc- 

in to  i t s e l f  w i l l  be called and S-9-mapping if: 

6 -divisions of the group G i n to  i t s e l f . *  

f i e l d  of complex numbers, t h e  function %V(g)> 
9 -character, 

CP determines a mutually one-to-one mapping of the s e t  of 

If tp is  a S - I - mapping of G , then v i r tue  of the mutually 

one-to-one correspondence between Irreducible S -characters of the group G 

over the  f i e l d  of complex nunbere X and over an a rb i t r a ry  closed algebraic 

f i e l d  k , 2) is  a lso  sa t i s f i ed  for *-characters over ? . 

where N(B) i s  the normaliser of the subgroup 3 i n  the group of all 
mutually one-to-one mappings of cf i n to  i t s e l f ,  

Actually, as a consequence of LEMMA 5.1. such a transformation V 
determines the subst i tut ions In the s e t s  of Q -divisions of G and the 
i r reducible  h -characters of  c) , l . e . ,  conditions 1) and 2) are 
s a t i s f i e d ,  

is a S - I - mapping w i t h  respect t o  any group P , consisting of the 

transformation g+gv ((v,h) - 1) since the group of a l l  such mappings is 
abelian (it is isomorphic t o  the multlpllcative group of classes of residues 

mod n containing numbers mutually prims t o  n (see the notation (A)  ). 

An example of an S - * -transformation is the S -mapping CP E N(h) , 

In par t icu lar ,  the a rb i t r a ry  S -mapping g+gp (g  4 0, (p,h) - 1) 

'i * 
condition 1) r e s u l t s  from condition 2) . s - m a p p i n s  1 .I) t ha t  
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If a group F of S - 35 -transformations of  t he  g r o w  G is  e;i.ren, 

L- 

n/ d 
then t h e  s e t  of I -characters o f  G $Sl,. ..,$¶I and the  se t  ITl, - * 9 - 3 
of 9 -divisions of G decompose into an ident ica l  nwber  o f  noninter- 
secting t r a n s i t i v i t y  domains under t h e  e f f ec t  of transformations from , 

This i s  e a s i l y  proved on t h e  basis of LEMMA 3.1  and formula (11.1) by 

t h e  sane means a s  was used t o  obtain THEOREM 1.1 by means of the  same L7 , " )  - 

and formula (4.1).  
9 -character 

$ : ( g )  ( the  Qi -division T, of the  group G ) sus ta ins  an S - 5 - trans- 
DEFINITION 6.1. L e t  us agree t o  say t h a t  an i r reducible  

d 

N J  ## 1 -  

formation of Q , i f  7d,('P(g)) = $i(g) for  a l l  g < G (correspondingly, 

q(g) € T j  if g E Tj 1. 

maintaining the 3 - I -transformation W equals the number of I -divisions 
of t h e  group sustaining t h i s  transformation. 

r z 9 
Xl(g), ...,% (g) i r reducible  9 -characters of G j a the number of 
9 -divisions of G sustaining the transformation Q j f3 t he  number of 

9 -characters $i(g) remaining i n  place under the  e f f e c t  9 . 
t h e  representations G are taken, then we take the  f i e l d  K o f  comnlex 

THEOREM 3.1. The number of irreducible 9 -characters of t h e  qroun G 

PROOF. Let T1, ..., T be 9-d iv is ions  of 3 Si€ Ti (i = l,oo~yq); 

9 

0J 

A 
Since fl is independent of t h e  algebraic,  closed f i e l d  K on which 

numbers as  t he  f i e l d  of  representations.  
L e t  us compute the  sum by two methods: 

Because of (1110) 

D =  

and as a consequence of 

D =  

(see notat ion ( B )  1 

(D"'), . 

T h i s  means a = p . The theorem i s  proved. 

THEOREM 3.1 is  a generalization of the  Frobenius-Schur theorem [3J. 
The number of characters of t h e  group G sustaining the  t ransformtior ,  

g+gU 
transformation. 

equals the number of classes of conjugate elements sustaining t h i s  
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DEFINITION 7.1. Let F = (0) be a cyc l ic  group of  3 - i€ transform- 
5 -char- 

of the  group G ) belonzs t o  the trms- 

$15 F , which the  

at ions o f  t h e  group G . 
acter  xi(g) 
formation Vk , if Ok is  a generating element of the subpoun  F1 C - F , 
consisting of a l l  transformations S -character &(g) 

(correspondingly, the 9 -division T ) maintains. 

Let us agree t o  say t h a t  an irreduci'3le 

( a  9 -division T 
j 

3 
LEMMA 5.1. If F = ('P) i s  a cyclic group of S - h transformations 

of the  group G , then the  number of i r reducible  B -characters of the group 
G which belong t o  the transformation cdc equals the  number of 3 -divisions 
of the  group belonging t o  t h i s  transformation. 

PROOF. For k = 1 the  statement of t he  theorem is  valid since the 

i r reducible  h -character %,(g) (correspondingly, t h e  3 -division T of 
t he  group G ) belongs t o  CP if and only i f  it maintains t h i s  transformation. 

N 

j 

Let us assume t h a t  t he  LEMMA is correct  f o r  all (1 4 s 4 n1  ; 

The H -characters (B -divisions) maintaining the  transformation Qs 

k ( s 

n '  

evidently belong t o  the  transformations qk , where 0 < k s and 
s O(mod k) . 

is  t h e  order of F ) and l e t  ua prove it f o r  k = s . 

Let s, sl, ..., s be a11 posit ive d iv isors  of s j pi ( p i )  the number m 
of i r reducible  3 -characters (correspondingly 5 -divisions of G ) belonging 

t o  'Psi ( i  = 1,. . .,m) j (7 ' )  the number of 5 -characters 2i(g) (corres- 
pondingly, 9 -divisions T ) belonging t o  Os ; 6 ( f i t )  the  number of 
i r reducib le  + -characters (correspondingly P; -divisions of G ) maintaining 
t h e  transformation (Ps . 

3 

The following equa l i t i e s  hold:  

6 = 9 + fll + ... + pm ; 6' = '4' 4- p i  + ... + p; 
by v i r tue  of the  assumptions of induction, fli = pi ( i  = l , . . . ,m) and, 

6 = 6l because of THEOREM 3.1. This means f = 7' . 
The LEMMA i s  proved. 

THEOREM 4.1. The S - S -transformations of a s e t  of i r reducible  4i 

characters  and 9 -divisions of G decompose, under the e f f e c t  of a cyc l ic  

group F , i n t o  an iden t i ca l  number of regions of t r a n s i t i v i t y ,  where the  
appropriate regions of t r a n s i t i v i t y  of these sets contain the same number 
of elements. 

PROOF. Let 5 ,..., Mt (y ,..., Mi) be subsets  of elements mutually 
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equivalent, i n t o  which the s e t  of irreducible 6 -characters of G (corres- 

pondingly, the set of 
of transformations from F . 

%-divis ions o f  G ) is  decomposed under t h e  e f f ec t  

L e t  us assum t h a t  n1  is the  order of t he  group F = (q) 5 5, ...,% 
i s  such a system of pos i t ive  divisors of n '  t h a t  each i r reducible  ie -char- 

ac te r  (9 -division of G ) belongs t o  one of the transformations oai > 

( i  = 1, ..., k) . 
AI 

The € -character (g)  (correspondingly, t he  0 -division T of the  

group 
elements i n  t h e  s e t  M 3 x (correspondingly, in the  s e t  MA 3 T ) equals 
ai (ai is  t h e  index i n  F o f  the  subgroup (9 ) whfch maintains $ ( T  ) 
i n  p lace) .  

3 3 
G ) belongs t o  t h e  transformation qui if and only i f  the  number of 

rJ 

9 -  j ai - j  rr 

3 s  
ai 

If mi i r reducible  @-ch'aracters belong t o  the  transformation CP , 
then j u s t  as  many *-divisions of G belong t o  t h i s  transformation because 
of LEMMA 6.1 . 

subsets  M containing ai mi 
a i  j Therefore, t he re  exists exactly - 

elements and the same conclusion would be val id  f o r  the s e t  MI j *  
The THEOREM is proved. 
THEOREM 4.1 i s  a strengthening of  "HEOREM 4.1 fo r  the  case of a cyc l ic  

group F of  S - P -transformations. 
E the  group F i s  not cyclic, then THEOREM 4.1 is  not t rue ,  as can 

e a s i l y  be shown by examples. 
Let us consider the  application o f  t h e  results obtained t o  the theory 

L e t  us use t h e  of representat ions of f i n i t e  groups on an a r b i t r a r y  f i e l d .  
notations ( A )  and (B) . 

order h of the  f i n i t e  group G j k t h e  a lgebraic  closure of K1 ; n 
the  l e a s t  common multiple of the orders of the  elements of G j e the 
primary root  of degree n of 1 ; F the  Galois group of the  f i e l d  K ' ( e )  

on K 1  . Each automorphism * €  F is given by the formula 
(19.1) H e )  - E ; (v,n) = 1 

group 9 consisting of t he  S -transformation g+gV ( g 6  G) , where v 

is  an integer such t h a t  the  transformation & + e V  
" C F .  

Let  K t  be an a rb i t r a ry  f i e l d  whose cha rac t e r i s t i c  does not d i v i d e  the 

V 

In conformance w i t h  the group F , l e t  us subs t i t u t e  i t s  isomorphic 

defines the automorphism 
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DEFINITION 8.1. Let 5 be a group of S -mappings of 

t o  the Galois group of the f i e l d  Kt( e) on K' ( the  group 
c a l l  the 3-d iv is ions  of t h e  group G , the  characters of 
minimum idempotents of the center R ( 0 , i )  , respectively,  the 

G 

F 
G 

corresponding 

). Let us 
and the  

K -divisions 

of G , t he  Kf -divisions of t h e  characters of  G and the K v  -divisions 

of the minimum idempotents of t h e  center R(G,?) . 
potents of one 

K t  -division of the group G w i l l  be called K t  conjugate 

representation matrix) w i l l  be called K t  -characters. The characters 

$.i(g) (i = 1 ,..., r )  of representations rit (i = 1 ,..., r )  of the  group 
G which are irreducible on K t  w i l l  be called i r reducible  K' -characters. 
We s h a l l  r e t a i n  t h e  terminology 
absolutely irreducible representations. 

of the group G ; Ei = pil, ..., * ebi 1 (i = 1,. . , ,q) the  corresponding 
K t  -divisions of the minim idempotents of the center T1,. . . ,T 
the Kr -divisions of G j 2, the  order of Ti (i = 1,. . .,q) j bl, .. . 
is a subset of the e l e m n t s  of G such t h a t  bi Ti (i = 1,. . . ,q) . If 

The characters of one K t  -division o f  the  characters, t h e  idem- 

Kt -division o f t h e  idempotents and the elements of one 

The characters of the representations of G on K t  ( t races  of the 

character f o r  the  t r aces  of matrices o f  

Let Xi = {3il,. . . 3 13 ( i  = 1,. . .,q) be K t  -divisions o f  characters J i r  

R(G,i) ; 
9 

'b¶ 

= Z jjj(g-l)g [see (4.1)] are minimum idempotents of the center 

and Cp 6 8 is  an S -mapping corresponding t o  the automorphism 
g E G  j 

R(G,% 
q F given by formula (19.1), then because of (6.1) and (5.1) 

Hence, the  e f f ec t  of t h e  5 -mapping 0 on reduces t o  the e f f ec t  

Since each idempotent e € Zf (ZR is  the center R(G,K)) i s  repre- 

3 
of the automorphism $-I€ F on the  coeff ic ient  of t h i s  idempotent. 

sented as  the sum of cer ta in  of the m i n i m u m  idempotents e j  , then it  i s  
hence easy t o  conclude t h a t  e < R(G,K')  if and o n l y  i f  e i s  a H -idem- 
potent, i . e . ,  maintains the e f f ec t  o f  all transformations CP H ( the  
element u 6 KO(&) 
f i e l d  K f  when J/(u) = u for  a l l  automorphism q F ). 

A 

Ir 

i n  t h i s  and only t h i s  case belongs t o  the fundamental 

Therefore, the minimum idempotents of  the center R ( G , K ' )  coincide 
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with t he  minimum H -idempotents of the  center R ( 5 , f )  which means t h e y  m e  

given by the formulas: 

(20.1) 

where the  H - character Xi(g) equals: 

( 2oV.1) 
(ni i s  the  degree of the absolutely i r reauc ib le  representat ion correspond- 
ing t o  any of the characters $ 

Each m i n i m  idempotent e l  (i P 1,. ..,q) of the  center R(G,K*) 
generates a minimum two-sided i d e a l  Ii i n  R(G,K') which i s  isomorphic t o  
the  complete matrix r i n g  on the  s e t  Di with index mi . The represent- 
a t ion  

corresponds t o  t h i s  ideal .  

e l  = h eil + ... + Ir 'iri = h ni z Q g %  
N g Q G  

r, E 
= j2u(g) + * *  + %* (g)  ( i  = 1,. . 

F 
( j  = 1 ,..., r i )  j see (11'I.l) ).  13 

qr o f  t he  group G ( i  - 1,. . . ,q) , which is i r reducible  on K9 , 

Since q , & v i r tue  of THEOREM 1.1 , i s  the  number of K 9  -divisions 

THEOFEM 5.1. 
of G , then the  following theorem holds La]: 

The number of irreducible representations of a f i n i t e  
group G on an arbitrary f i e l d  KI whose cha rac t e r i s t i c  does not divide 

the order of G equals t h e  number of K1 -divisions of the group G . 
There results f rom (20.1) and (201.1) t h a t  the  representat ion 

decomposes Into a sum of absolutely i r reducible  representations correspond- 

ing t o  t h e  characters 3dil ,..., $hi ( i  = 1 ,,,,, q) , Hence, according t o  
(4'.1), each of these representations enters in to  t h e  decornosition of 
w i t h  the mul t ip l ic i ty  mi ( i  - 1,. . . ,q) , Hence, the i r reducible  K' -char- 
ac t e r s  %i(g) of the  representationa f i t  (i = l,.. .,q) are expressed by 

the formula: 

A A 

(21.1) 

from which 

( 22.1) ( i  = l,"..,¶) 

(% divides  ni , which means it is not divided by t he  cha rac t e r i s t i c  of 
A 

t he  f i e l d  K ). 

(IIO), (IIIV), (N') , we obtain the following fundamental r e l a t i o n s  between 

the  characters of the  i r reducible  representations of a group on t h e  f i e l d  

c* 

Subst i tut ing the 5 -character gi(g) (formula (22.1))  i n t o  r e l a t ions  

K g  : 

(IIf ') 
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( the  second fundamental r e l a t i o n  between the i r reducible  K g  -characters); 

i f  i f k  

i f  i = k  9 1  2 7 x.j(b.)$'(b;') = 
= j  

(111' ') 
j=1 rjmj 

( the  t h i r d  fundamental r e l a t ion  between the i r reducible  K v  -characters) j 

if i f j  
(IV' ' ) 

( the  fourth fundamental r e l a t ion  between the i r reducible  K' -characters).  

The first fundamental r e l a t ion  between irreducible K' -characters i s  
obtained by s t a r t i ng  from t h e  expansion formula of the  d i rec t  product of 

and I7 
which 

in to  i r reducible  representations: 5' x I' = ' uij ( k ) r  k 1 from 
j k 4  J 

( the f irst  fundamental r e l a t ion  between irreducible K' -characters).  

Let us note t h a t  r e l a t ions  (11') and (III?), jus t  exactly as the corres- 
ponding formulas for the 

the orders of the K' -divisions 
not divided by the charac te r i s t ic  of the f i e l d  K' . 

@-characters, are valid under the assumpticn t h a t  

Ei and the numbers ri (i = 1, e e .,q) a r e  

N 

Substi tuting the P -character &(g)  given by (22 .1)  in to  ( I p ) ,  we 
A 

arr ive a t  the equality: 

(I' Q ') 

Comparing (It1) and ( I t t 1 ) ,  we obtain the r e l a t ion  
. .  

(23.1) 

The following 
Let K' be a 

the group G w i t h  

Schur index of the 

proposition resu l t s  fEom (23.1) : 
f i e l d  of character is t ics  zero; 5' a representation of 
the character , which i s  i r reducible  on K 9  j mi the  
absolutely irreducible component of the representation 

5' r e l a t i v e  t o  K' . If the direct product of  the representations 5' 
(k) times, then the r a t i o  and FV contains qt for  a 

is an integer.  

13 (k) j 
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Let us consider other f a c t s  of the theory of representations on an 
arbitrary f i e l d ,  which can be obtained on the  basis  of the  propert ies  of 

!E -characters.  
A di rec t  corol lary of THEOREM 3.1 and formula (21.1) i s  the  theorem: 

The number of i r reducible  K' -characters of a f i n i t e  grow rJ sustain- 
ing the  S -transformation g-g' (group automorphism) equals the  number 

of 
mrphism) . 

K v  -divisions of the  group sustaining t h i s  transformation ( t h i s  auto- 

This r e s u l t  a l s o  admits such a formulation: 
THEQREM 6.1. The number of irreducible representations of a f i n i t e  

group G on a f i e l d  KI, whose charac te r i s t ic  does not divide the order of 
G , where  the  representations remain mutually equivalent f o r  a given auto- 
mrphism e j t V  of a f i e l d  of characters ( fo r  a given group automorphism), 

equals the  number of 
a t ion  g 3  gv ( t h i s  automorphism) . 
another solut ion of the question of the number of i r reducible  representations 

which transform i n t o  equivalent representations for a given group automrph- 
i s m  is given i n  [ll]. 

algebras of ce r t a in  classes of groups can be solved, 

L e t  us consider the decomposition of t h e  center 
R ( G , K * )  i n to  a d i r ec t  sum of subfields of the f i e l d  KO(&) , corremonding 
t o  the  two-sided decomposition (1.1) of the algebra R(G,Kl)  : 

(24.1) 

(2; is t he  center of the i d e a l  11 ; 

K1 -divisions of a group which sustain the transform- 

For the  case of representations on an algehraical ly  closed f i e l d ,  

Using THEOREM 4.1, the  question of t h e  isomorphism of centers  of group 

ZKI of the algebra 

= 2 '  ,t ... + 2 '  
'K1 1 9 

i = i, . , . ,q) . 
The minimum idempotents e l  E 1; r\ ZKt are units of the f i e l d  Zi 

It is easy t o  see t h a t  the degree of the f i e l d  Z i  on KI equals ri , 
(i = 1, ...,q 1. 

the  number of minimum idempotents of the  center R(G,c )  , i n t o  the  sum of  
which the  e! is decomposed [see (20.1)]. 

Actually, i n  the  extension of the f i e l d  K 1  t o  t he  
sided idea l  11 C_ R(G,K@) transforms i n t o  the  two-sided 
of t h e  algebra R(G,?) and t he  center Zi of the i d e a l  

The dimensionality 
A 

of the  ideal "Ii ( i  = 1,. . e ,q). zi 

A 

f i e l d  K the two- 
idea l  fi = R(G,f i )e i  
1; i n t o  the center 

of 2; on K' 
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n n h 

equals the  dimensionality of Zi on K . But the dimensionality of Zi on 
K equals ri ( i  = l,.*.,q) . This means t h a t  the  degree of 24 on ICs 

equals 

A 

ri 
Let us note t h a t  ri is the number of absolutely i r reducible  characters 

i n  a K! -division of characters Xi , t he  corresponding K'  -division of the 

idempotents of the  center tail,. . .,eir . 
Now, l e t  us assume tha t  t h e  G a l o i s  group of the f i e l d  KP(e )  on K t  i s  

cyclic.  Then, by v i r t u e  of T H E O E M  4.1, a K '  -division Ti o f  t he  group G 

corresponds t o  each K'  -division of the characters Xi so t h a t  Ti contains 
as many classes of conjugate elements as there  are classes  i n  

" 3  i 

Xi (i = 1,. ..,q). 

Therefore, the numbers rl,. . , ,r coincide w i t h  the numbers of c lasses  
9 

i n  the corresponding K '  -divisions of  the  group G . 
Hence, there  a t  once r e s u l t s  
THEOREM 7.1. Let G and H be f i n i t e  groups; m t he  l e a s t  common 

multiple of  the  orders of elements of G and H j K v  am arbitrary f i e l d  
whose cha rac t e r i s t i c  does not divide m j e a pr imit ive root  of degree m 
of uni ty .  If t he  Galois group of  the f i e l d  K ( e t )  on K s  is  cycl ic ,  then 

the  centers  of the group algebras R(G,K') and R(H,K8) a re  isomorphic if 
and only if  there  exists a mutual one-to-one correspondence between the  K g  

divisions of the  groups G and H for  which the  appropriate K s  -divisions 
o f  these groups contain the ident ical  number of classes of conjugate elements. 

Actually, t he  f i e l d s  i n t o  a sum of which t h e  centers of the  algebras 
R(G,Kl) and R(H,K') a re  decomposed a re  subfields  of the f i e l d  K v ( e )  and 
the intermediate subfield of a cyclic extension o f  the f i e l d  

mined uniquely by i ts  degree on K t  . 
K P  i s  deter- 

COROLLARY: 

a )  The order of each of  the groups G and H equals pa o r  2pa 

b) K t  is  a f i e l d  of character is t ics  p > 0 , 
c> K g  is a f i e l d  of r e a l  numbers, 

If one of the following conditions i s  sa t i s f i ed :  

(p  an odd prime), 

t h e n  a necessary and su f f i c i en t  condition of isomrphism of the centers of  
the  group algebras R(G,K ' )  and R(H,K ' )  i s  t he  existence of  a mutually 
one-to-one correspondence between t h e  K v  -divisions of G and H f o r  which 
the  corresponding K I  -divisions of these groups contain the same number of 
c lasses ,  
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Actually, 5n cases a ) ,  b ) ,  c)  , the  G a l o i s  group of the  f i e l d  K ' ( E )  on Is 
i s  cyc l ic  (it i s  assumed, as before, t h a t  the  cha rac t e r i s t i c  of the f i e l d  X' 
does not divide the orders of the groups under consideration).  

If t he  orders of the  groups G and H equal 2m , then the isomorphism 
of the centers of the group algebras R ( G , K t )  and R(H,Rv) does not r e s u l t  
from the coincidence of  the  numbers of  c lasses  i n  the corresponding K t  

divisions of these groups. 
9 

For example, l e t  us consider t h e  centers of group algebras on the 

f i e l d  R of r a t iona l  numbers of two groups of 16-th order: 

G: 

H: 

8 2 7 a = 1  , b P 1 ,  b'lab = a  j 
c 8 " 1 ,  d 2 = 1 ,  d -1 c d = c  3 

Let Z1 be the center o f  R(G,R), Z 2  t he  center of R(H,R) . It i s  easy 
t o  obtain the following decompositions fo r  5 and Z2 : 

Z I C R  + R + R + R  + R + R ( G )  
R * R * R + R + R + R ( F 2 )  

This means the  algebras Z1 a n d  Z2 a r e  not isomorphic. MOreover, the 
corresponding d iv i s ions  of these groups contain the same number of elements 

(R -divisions of the  a rb i t r a ry  f i n i t e  group coincide w i t h  divisions of the 

z2 

.!Toup) 
The COROLLARY t o  THEOREM 7.1 remains valid fo r  Abelian groups of 

order 2m . This r e s u l t s  from the following theorem: 

THEOEM 8.1. If G i s  a f i n i t e  ASelian group o f  order h and K g t  
is  a f i e l d  whose cha rac t e r i s t i c  does not divide h , then in t he  decompos- 
i t i o n  of R(G,Kf) i n t o  a d i r e c t  sum of minimum idea ls  

each idea l  Ii is  isomorphic t o  the f i e l d  K t ( q i )  , where ci is  a roo t  
of degree a I; 
( i  = l,*+.,q) on K' coincide w i t h  the orders of the corresponding KI 
divisions of G . 

* Remark during proof-reading. If G is  a group a l l  of whose repre- 
sentat ions a re  monomials (M -group), then t h e  degrees of the absolutely 
i r reducible  representations of the group coincide with the indices  of some 
of i t s  subgroups. M -groups, the necessary and su f f i c i en t  conditions 
of isomorphism of completely reducible group algebras a re  included i n  the 
coincidence of t h e  indices o f  t h e  corresponding subgroups. Conditions of 
the  isomorphism of centers of group algebras of an M -group can be obtained 
by t h i s  means and f o r  ce r t a in  classes of M-groups ( fo r  example, fo r  p 
groups and groups w i t h  order without squares) necessary and su f f i c i en t  cond- 
i t i o n s  o f  isomorphism of group algebras on an a r b i t r a r y  f i e l d  whose character- 
i s t i c  does not divide t h e  orders of the groups considered can be proved. 
author published these r e s u l t s  p a r t i a l l y  i n  

R(G,K') = 5 i ... 11 
9 

(h  E O(mod ai) ) of unity, and the  degree of the f i e l d s  i 

For 

The 
[19]. 
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PROOF. Let us denote the idempotent generating the ideal  1; by e! 
1 

(i = l,..o,q). Identifying elements of the form %e! (X K c )  with the 
elements 'x , it can be s ta ted tha t  each f i e l d  1; is obtained by adjoining 

a f i n i t e  nurriber of roots  of uni ty  of the form ge; (g  E G) , whose degrees 
divide h , t o  the f i e l d  K f  . This mans 1; = K 8 ( e i )  , where ri is a 

cer ta in  root o f  unity of order a (h a O(mod ai) ) 
G be decomposed i n t o  a direct  product of cyc l i c  groups of orders 

w i t h  the generating elements 5'. . .,a , respectively.  Then the 
i s  given by the formulas; 

(i = 1,. . . ,q) . i 
Let 

A r  5' - 0 Yhr 
complete system of minimum idempotents of R( G,K) 

r -i t t 
r r 

r r -45 z ... 2 5 ... E 5 ... a 

hl-1 hr -1 

t =o r 

1 e 
il,.. .,ir = E t l=O 

( 2 P . l )  

( a .  is a primitive root  
of G are expressed as 

J 

(ij = 0 ,... ' h j  - 1 j j = 1, ..., r )  
of degree h, of 1 5 j = 1,. . .,r) and the elemsnts 

J 
follows i n  terms of the minimum idempotents of R(G$): 

iltl irtr g 
r tl'. . . ,t I: ... z el ... e 

hl-1 hr-1 

r t,=0 t -PO 
A 1- 

(ij = 0 ,... yh . - l  j j = 1,. .,r) 
J 

If the elenrent a . . ,a is substituted in conformance w i t h  the idempotent il ir 
h e .  , then it is easy t o  see t h a t  the number of minimum idempotents 
1, y .  e .,i- 

Air A 
J. 

equals the number of 
e\ '  ii' i of R(G,K) which are K' -conjugate t o  

elements of G which are K' -conjugate t o  ... a . ir 
r 

Therefore, the  orders o f  K' -divisions of G coincide w i t h  the 
degrees of  the f i e l d s  I! on K' . 

The THEOREM is proved. 
COROLLARY. The group algebras R(G,K1) and R ( H , K v )  of  the primary 

Abelian, f i n i t e  groups G and H are isomorphic if and  only if  G and H 
contain the same number of K f  -divisions and the orders of the corresponding 
K'  -divisions of these groups coincide. 

PROOF. 

t 

The necessary and suf f ic ien t  condition of the isomorphism of  two  
f i e l d s  K9(5) and KV(e ) , where &l and e2 are, respectively, roo ts  o f  

degrees p and  pm of unity (p  is an arbitrary prime), is  the coincidence 

of t h e i r  degrees on K'  
f i e l d  of the other.  

2 

since one o f  them is always isomorphic t o  the  sub- 
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The necessary condition of t he  isomorphism of centers G f  gmm al5ebras 

of a rb i t r a ry  groups on an a rb i t r a ry  f i e l d  gives the  following: 
TJ-Ei'OREN 9.1. Let G and H be finite groups; m 5he lcc?.?Et common 

multiple of the orders of elements of G a n d  H j K a  an arbitrary f i e l d  

with cha rac t e r i s t i c  which does not divide 

degree m of unity.  Let Kt = P O c  P I C . .  . C P r  = bs  Inweas ins  

chain of f i e l d s ,  where Pi+l i s  the cyc l ic  extension o f  t he  f i e l d  Fi 
( i  = 0,.  - , r - l ) .  If t h e  centers of the group algebras R ( G , K S )  and R(21,Ku) 

a r e  isomorphic, then between the Pi -divisions o f  the c ; r o ~ s  G and €1 

there  e x i s t s  a mutually one-to-one correspondence f o r  which the corresponding 
-divisions of  these groups contain t h e  same number of P -d iv is ions  pi i +1 

(i = 0 , .  . . , r - ~ ) .  

a "Jalois group of t h e  f i e l d  K1(E) on Pi+l e Then i/Fii+l is  a qalois  

group of the f i e l d  Pi+l on Pi , By v i r t u e  of the  conditions o f  the 
theorem, t h i s  group is  cyclic.  

potents of the  center of the group algebra R(G,Pi+l) . The groups 4 and 

I. t o  which they are isomorphic, where 

m j a pr imit ive root  o f  

i t1 PROOF. Let Fi be a Galois group o f  the  f i e l d  K Y ( t )  on Ti ; ?? 
n 
A' 

Let T1 ,..., Tm be Pi+l -divisions o f  G j el, .  . . , e  minimum idem- m 

of the  S -mapping g+gV ( g c  G) correspond t o  the groups Fi and Fi+l %+I 
i/Si+l i s  a cyc l ic  greup since 

%/B = F. l/Fi+l . 
i+l 
Evidently, the mappings CP E fin r e t a i n  each iderrpotent e ,  and each 

Pi+l -division T ( j  = 1,. . . ,m) i n  place. Hence, there  results t h a t  t he  

transformations (? 6 Bi f rom one adjacent c lass  4 t o  9i+l of  the  same 

a€fect the idempotents e and the Pi+l -divisions T ( 5  = l , . a e , m )  . 
This means t h a t  the factor-group can be consfdored as a cyc l ic  

group of S-Ii+l -transformations of t he  group G (see DEFI'ETITI@J 5.1). 

J 

s 

3 j 

On the basis of THEORFN 4.1, t h e  s e t  IT1,. . . , T m l  o f  PiLl -divisions 

of  G a n d  the s e t  (e l,...,e 1 of m i n i m u m  idempotents of  the center 

R(G,Pi+l) decompose under the  effect  of t h e  group i/Sin of S-+i+l B m 

transformations i n t o  the same number o f  t r a n s i t i v i t y  regions s o  t h a t  the  
corresponding t ransi t ivi ty  regions o f  these s e t s  contain the same number of 

elements (f -divisions and idenpotents e , respect ively)  : 
i +1 j 

fT1 ,... ,Tm] = M,.U ... u %  j Mi = iT i l  ,..., T. 3 * 1% 
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The numkr o f  F -4ivisions of t + e  :roun 3 equals k *in-1 coinc; ’ c  -\ i 
r r i t h  t,he nu4xr  of minimum idemotents OP thc center L ( 2 $ T - )  a -:FIC~ ’ 

1 J. 
e 

j iv j s ion  T ( j  = l , , . . , k . )  i s  a set- theoret ic  sum of  elements o f  5bt3 j 1 
TOUT 5 belonyinq t o  the  Pi+l -divisions Tjl, -... T .  o f  % h e  s e t  ‘1; 

JS.: J 

( j  = 1, . ,ki). The rninimum idemnotents 
-13-6 ;-iven Sy the  formulas: 

c o fJ tSc  center 5( :,I j 
1” ‘9eki 

H e j  = e j l  + .  + e  (j = 1, . . . , I -  : . I  J s j  1 

If the  centers of the groun algebras H(2,,K1) anJ. d(11,I;’) x:s isc-  

mornhic, then the  centers of  the  grour, algebras 3 ( 3 , F j )  an4 X(3,F.) 

( j  = 0 , .  . . , r )  a re  a l s o  isomorphic. 

This neans t h a t  the groun algebra H(H,Pi) contains ( ’mct ly  

J 

ki 
qinimum idemotents  of the center “‘1 z 1  and these l a t t c r  a r e  dccon- 
posed i n  R(Y,Fi+l) 
center R(II,Pi+l) as a re  the  corresnonding iderx-potents el,. . ~ , d i r -  : 

e l ’*s . ’  k i  
i n t o  the same number of mini-num ide-motcnts o f  t1-2 

r /  c. 

- 3  

J 
ileasoning analogously f o r  H as was done f o r  G . we o’cta-fn t h a t  the 

nuxbelis sl,. . . ,ski 
F -divisions of H ( i  = 0,. . . , r - ~ )  . 

coincide with the numbers o f  Pi+.,- - d i v i s i ? n s  i n  t he  

i 
2 ie  TH3OiZEX is nrovad. 

§ 2 .  INQUCED 3EPLWSENTAI’IONS 

1. Relations between 5 -Characters of Groups and Subgroups I In  t h i s  
h 

paragranh, we assume t h a t  the alTebraically clsoed f i e l d  K has character- 
i s t i c  zero. 

Let G be a g o u n  of order h ; H a subgrouu of order h Y  of  t h e  
group S j 9 such a group of  S -mappings of  the  group ‘2 t h a t  each 5 

manping CP € P transforms H i n t o  i t se l f  and is a 5 -mapping of t h i s  sub- 
group. Then rP induces the group 6l of S -mappings of the  group H . 

Each representation F of the group G on the f i e l d  K induces a 
representation of the subgroup H which we w i l l  denote by I- L(H) . 

Conversely, t h e  representation I” of  t h e  subgroup H induces t h e  
reyresentation 17T(G)  of t h e  group G . 

If %(a) i s  a character of the representation of t h e  subgroup H 

then the  character f ( g )  of the induced representation of the group G is 
given by the  formula: 

4 
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( 1 . 2 )  f(d = - r, X(c-lgc) (%(c-lgc> = o if C - l g c g ~  

(1’. 2) f ( g )  = c x<a> 

h ’  c6G 

Formula ( 1 . 2 )  can also be wri t ten i n  the following form: 
h 

aCCv n H g 
0 

where C i s  the c lass  of conjugate elements of t he  group G containing 
the element g ; h i s  the order of t h e  c l a s s  C . g 

g g 
If Cpb B , the following formula holds: 

H = cP(C f3 H)  
cq( g )  g 

(2.2) 
Actually, if x € C nH , then Q ( x )  G H ( H  sustains  the transformation 

P 
from the group * a c c o r b g  t o  the conditicn) and V(x) € C q ( g )  because CP 

is  an Y -mapping of the group G . 
Conversely, if x G  C (\H , then there  e x i s t s  an element y € C 

such t h a t  Q(y) = x but since x 6 H , then a l s o  y G  H , i . e . ,  y e C g O H  . 
LEMMA 1 . 2 .  If r is  a iP -representation of G , then F J ( H )  i s  a 

H I  -representation of H . I f  I?’ is a 9‘ -representation of H , then 

I7 ‘I T(G) i s  a iB -representation of  G (see DEFINITION 4.1). 
PROOF. The first  statement of the lemma is  obvious, Let %(a) he a 

character of t h e  Qi’ -representation F f  of  the group H . By v i r t u e  of  
( l Y . 2 ) ,  the  character f ( g )  of the representation F ’ f ( G )  i s  expressed 
by the formula: 

‘p( g) g 

h 
f ( g )  = 2 ’m %(a) 

“‘Cg (I H g 

If Q F H then because of ( 2 . 2 )  

h h %%(e)) = z xToX(a> = z ,,Ih %(a) 
a%( g) g aW(C f l H )  17 F: 

This means r I?(G) i s  a ~h -representation o f  G -  

The LEMMA i s  proved. 
Let T,..  .,I’ be irreducible 9 -representations o f  the group 13 

’& t h e  character of the representation 5 ( i  = 1,. . a , t ) ;  I; O , .  * .  ,q 
the P9 -irreducible representations of the subgroup H ; $! the  character 

of the representation (i  = l,,..,q) ; r (r;) t he  number of characters 
of a (f; -division of characters of the group G (of a HI -division of the 

t 

1 

i 
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characters of  the group H , respectively) corresponding t o  t h e  4 -character 

xi (Xi) * 

Let us consider t he  representation <L(H) of the  sl-xbgrmp H induced 

By v i r tue  of LEMMA 1 . 2 ,  T j l ( H )  is a 3’ -representation of  the grcu? 

by t he  representat ion 5 of t h e  group G . 

H This means q & ( H )  decomposes i n t o  a sum of St -irreducTble renresent -  

a t ions  (see LEMMA 4.1): 

( 3 . 2 )  
a re  non-negative integers) .  

In conformance with (3.2), we obtain t h e  farmula 
B. i j  

(4.2) 

Let US multiply both s ides  of (4.2) by % ‘ ( a )  

elements a € H taking ( ITtt)  ( 9  1) i n t o  account: 
and l e t  us sum over a l l  

S 

9 
z XI(a)gi(a-’) - c c lij%;(a-’)%;(a) 

a€H j 4  S (5.2) 
a€H 

over i , we obtain t h e  r e l a t i o n  
t 

(6.2) 

Let T be a 9 -division of the group G containing the  element g , 
g 2 the  order of T . By v i r tue  of (III’), the following equal i ty  follows 

from (6.2): 
g g 

(7.2) 

Let t h e  H -division “T consist of t h e  classes C C . . . ,c 
g g’ cp,(P)’ Cp,-,(g) 

(vie !€ j i = l , . . . ,k -1) .  Then 1 = kh , where h i s  t h e  order of the 
class  C . Since the character $:(a) is  a function o f  the  9‘ -division 
of the group H (see THEOREM 2.1), then because of ( 2 . 2 )  

g g g 

g 
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By v i r tue  of (8.2), the equality (7.2) can be wri t ten as: 

(9.2) 

The l e f t  s ide  of (9.2) is  a character of the 
of the induced Q' -representation 5' 

Frobenius dua l i ty  theorem [2J : 

group of S -mappings of G which induces a g r o w  of S -mappings of 
H j r+ and I? are  i -irreducible representations of the group G 

and the subgroup H , respectively.  If the representation f & ( H )  con- 
t a ins  F a t ims ,  then the Q -representation r ' ? (G)  contains f 
a -  " times, where r ( r ' )  is  the number of absolutely irreducible 

representations into the sum of which I' (I? correspondingly) is  

decomposed. 

r 1  
S 

t 
- %&I h 2 - %.$a) = c ais ri 

1 
aGC f i ~  hg i=l 

g 
? -representation I ' i T ( G )  

of the group H [see (1'. 217. 

Hence, from (9.2) there r e su l t s  the statement generalizing the 

THEOREM 1 . 2 .  Let G be a group; H a subgroup of G ; 0 a 

r 

The following holds fo r  induced representations over an arbitrary 
f i e l d  

THEOREM 2.2. Let r and r 8  be i r reducible  representations of 
the group G and i ts  subgroup H , respectively,  over an arbitrary f ie ld  

K 1  of charac te r i s t ic  zero. Let the m i n i m u m ,  two-sided ideal  I (1') , 
isomorphic t o  the complete matrix ring on a f i e l d  D '(D') correspond to 
the rapresentation T (rl) i n  R ( G , K t )  (R(H,K1))  . 

t ims ,  then the representation P I?( G)  contains the representation T 
u - times, where d ( a t )  is the dimensionality of the f i e l d  D (D') 
over K' . 

The proof of the theorem is based on formula (IV1") and (111") of 

by the same means as  the proof of THEOREM 1 . 2  i s  based on (N") 

Relations ( IV' ') and (111' I), respectively,  a re  obtained from ( I V '  

If the representation I 'J(H) contains the representation F I a 

d '  
d 

I 1 
and (1111). 

2 and (111') by replacing ri by ri% = di2 (ri is the dimensionality of 
the center of the f i e l d  Di over K' j m is the dimensionality of Di 
over i t s  center) ,  Consequently, the r a t i o  appears instead of the 

d ?  f 

U r '  
r r a t i o  -.- i n  the formulation of THEOREM 2.2. TKEOREM 2.2. i s  also a 

generalization of the Frobeniu s dua l i ty  theorem. 
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2. p -adic Ring of Kt -Characters. The Brauer [s] theorem plays 

an important par t  i n  the theory of induced representations of a group: 
G is  an integer l i nea r  combin- Each character of a f i n i t e  group 

a t ion  of characters induced 

group G . 
characters of elementary subgroups of the 

The direct  product of a p -group and a cyclic group whose order 

The Brauer theorem is obtained by Roquette [7] as  a consequence of 
i s  not divided by p i s  called an elbmentary group. 

a number of s t ruc tura l  theorems r e l a t ive  t o  a p - a d i c  r ing  of absolutely 

irreducible characters of a f i n i t e  group. 
A -P -adic r i n g  of characters of i r reducible  representations of a 

group G over an arbitrary f i e l d  Kt of zero charac te r i s t ic  is  invest- 
igated i n  t h i s  paragraph by the Roquette method. 

the Brauer theorem for  representations over the f i e l d  K t  is  obtained 
as  a consequence. 

theorem, are a l so  generalized. 

A generalization of 

Other r e su l t s  of [q, c13], re la ted  t o  the Brauer 

As before, l e t  us use the notations 

DEFINITION 1 .2 .  Let H be a normal divisor  of the group G . The 
( A )  . 

group of  inner automorphisms of the  group G induces a group 9 of S 
-mappings of H . Let us agree t o  call +-conjugate elements of H , 

the center R(H,2) G -conjugates. 

minimum idempotents of the center R(H,K) G -divisions. 

-conjugate characters of H and -conjugate minimum idempotents of 

Let us c a l l  9 -divisions of the group H , characters of H and 
A 

Evidently, G -divisions of the group H a re  the class  of conjugate 

UMMll 2.2. L e t  us assum t h a t  H i s  a subgruup of index m of 
elements of the group G contained in H . 

the group G , If the  idempotent e Q R(H,K') generates a l e f t  i dea l  
I of dimensionality r over K' i n  R(H,K') , then the dimensionality 

of the l e f t  ideal  f 5: R(G,K')*e over K' equals mr . 
PROOF. Let %e, ... ,are (ai H ; i = 1 ,..., r )  be a bas i s  of I 

m e r  K* j bl,. , , ,b a system of representations of l e f t  neighboring 
classes of the group G on H . "hen it is easy t o  ver i fy  t h a t  the 

elements b a e (i P l,.. .,r ; j = 1,. ..,m) form a basis I over K' . 
THEOREM 3.2. Let H be a normal divisor  of index m of t he  

m 
r, 

3 i  
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group G j e the idempotent of the center R(H,K') generating the 
m i n i m u m  two-sided i d e a l  

order r over the  f i e l d  D , i n  R(H,K') . 
I , isomorphic t o  the complete matrix r i n g  of 

E the  number of minimum idempotents of the center R(H,K') , which 

are G -conjugate t o  e , equals m , then  the sum of these idempotents 

+ e e = el + ... 
R(G,K') and the  i d e a l  = R(G,K?)g is isomorphic t o  the  complete 

matrix r i n g  of order rnr over the  same f i e l d  D . 

of neighboring classes of the group G on H ; Ii = R(H,K8).ei 

( i  = 1 ,..., m) . 
it can be considered, by v i r tue  of the conditions of t he  theorem, t h a t  

(10.2) bilTbi = Ii ( i  = 1,. . . ,m) 
The i d e a l s  3,. . .,I are orthogonal i n  pairs: 
(11.2) IiIj - o , i f  i # j (see (1.1)) 
Let u f 5 be a minimum idempotent of R(H,K') 

If 
minimum idea l  U over K' , then the elements b a u ( j  = 1, . . . ,m; 
I = 1, . . . , q )  form a bas is  of t h e  ideal ?? over K '  (see LEMMA 2.2). 
Each element xf U is  represented uniquely as: 

(e1 = e) is  a minimum idempotent of the center H 

m 

PROOF. Let bl, ... ,bm (bl = 1) be a system of representat ions 

Changing, perhaps, the numbering of t he  elements bi , 

m 

e u = R(H,K')U ; u = R(G,K')U 

yu ,..., a u (ai€ H ; i = 1 ,..., a ; 5 = 1) is the  basis of the 
9 

j i  

rcl 

(12.2) x = 2 X b a u kij€K' ; i = 1 ,..., q; j = 1 ,..., m) 53 3 i i , j  _ _  
fd 

L e t  

i dea l  ( the  elements of R(G,K') are considered as l e f t  idea ls ) .  
The arbitrary endomorphism 

D be a r i n g  of operator endomrphisms of an addi t ive group of the 

5 ' is given by the  formula 

(13.2) q x )  = xc = xuc (x, c€% 1 
( u  i s  the  r i g h t  unit i d e a l  ) and formula (13.2) y i e l d s  the operator 

endomorphism Bc6 5 f o r  any element c G 5  . The endomorphisms 0,Q 6 D 
are equal i f  and only  i f  g(u) - (u) . 

are i d e n t u i e d  with the corres- 
ponding elements X of the  f i e l d  Kf , then it can be stated, by virtue 
of (12.2) a n d  (13.2), t h a t  each endomorphism B € D  is  represented as: 

rr r v d  

z 
If the  endomorphisms qU (1 EK') 

& d  

(13 ' .2) 
/ 

0 = r, XijCij  ( X i j e K '  ; i = 1 ,..., q j j = 1 ,..., m) 
i, 3 

where 
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U 

Sij(x) = xbjaiu = xub.a u ( X ~ U  j i = 1 ,..., q; j = 1 ,..., m) 
N J i  (14.2) 

We have 8 (x) = xub a u - xb (b'lub ) a  u = 0 for  j > 1 because 
b'lub € I by v i r tue  of (10.2) and ( b - i b  )(aiu) = 0 (aiu '4) as a 3 3 3  3 3  
consequence of (11.2). 

Yl 3 1  3 3  5 

Therefore, by vir tue of (13.2) and (13'.2), w e  obtain f o r  an a rb i t r a ry  
# - e  

endomorphism 8 6 D : 
N rJ 

e(x) = xh1$ + .. . * x  a )u (xG U ; T i e  K' ; i = 1, ...,q 
9 9  

Since u is a minimum idempotent of R(H,K')  , then the r ing  D' of 
(15.2) 

operator endomorphisms of the idea l  U is  a f i e l d .  D' is  inversely iso- 
morphic t o  the f i e l d  D because "El,, . 

The operator endomorphism 8 € D' 
(15'. 2) 

The correspondence g+e '(# is given by (15.2) and 8 by ( 1 5 I . 2 ) )  
is an isomrphism of the mapping of D on D' . 

Actually, U C U  and 8 is the continuation of the  mapping 8 from 
U onto U , where is defined uniquely by the endomorphism 8 since 

g(u) = e(u) . is a f i e l d  from which there  r e s u l t s  

t ha t  u is a minimum idempotent of R(G,Kl)  . Since 'ij D v  and D' i s  

inversely isomorphic t o  D then D i s  inversely isomorphic t o  D . 

is  expressed by the formula 

( x ~ U  ; aifK1 ; i = 1 ,..., q) e(x) = xkl% + . . . * A  a )U 

4 /u 

d 

This means t h e  r i n g  5 

d 

L e t  the dimensionality of the f i e ld  D over K1 equal s . Since 
5 is  the complete matrix r i n g  of order r over D , then the dimensim- 
a l i ty  of I,. over K l  

is mr2s by v i r tue  of (10.2) and the dimensionality of the  idea l  I over 
2 2  K' is  m r s as  a consequence of LEMMA 2.2. 

2 is r s , the dimensionality of the idea l  R ( H , K 9 ) . g  
*J 

U is  a minimum l e f t  ideal  of a two-sided minimum idea l  R(H,Kv)  . 
r 2s This means t h a t  t h e  dimensionality of U Over K' is  -a: rs and the r 

dimensionality of 5 over K' i s  rsm on the basis of LEMMA 2.2. 
1' - C ? be a minimum two-sided ideal  of R(G,K') Let containing a 

minimumleft idea l  5 , Then I' is  the complete matrix r i n g  of order 

t over a f i e l d  inversely isomorphic t o  the f i e l d  D of operator endo- 
rJ 

0 4  

morphisms of the idea l  U , i . e . ,  Over the  f i e l d  D . Therefore, the 
dimensionality of I' over K 1  is st2 and the  dimensionality of 5 
over K 9  is - = s t  . Hence, rsm - s t  from which t = r m  . t 

Thus the  dimensionality of 1' over K l  is s(rm)2 and since the 
J u 

dimensionality of I Over K' i s  sr2m2 also,  then I' = I . 
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We have shown t h a t  the idea l  I i s  a complete matrix r ing  of order 

r m  on a f i e l d  D . 
The THEOREM is  proved. 
Let G be a f i n i t e  group; n the  l e a s t  common multiple of the 

orders of the elements of (3 ; K' an arbitrary f i e l d  of cha rac t e r i s t i c  

zero; c a primitive n-th root of unity.  
DEFINITION 2.2. We sha l l  call the s e t  NKt(a) of a l l  elements o f  

g e  G , such t h a t  g-lag = a' a K' -normalizer of the element a e G , 
where e+cp is an automorphism of the Galois group of the f i e l d  K'(c) 
over K' . 

Evidently, the K'  -normalizer of an arbitrary element of the group 
G i s  a subgroup of  t h i s  group. 

DEFINITION 3.2. We c a l l  the group G w i t h  the  following propert ies  

1) G i s  a semi-direct product: G = H*F , where the normal divisor  
a K' -elementary group: 

H = (a) 
and F i s  a p -group. 

is a cycl ic  group whose order i s  not divided by the prime p 

2) The K' -normalizer of the  element a i n  G coincides w i t h  G . 
LEMMA 3.2. Let G be the  semi-direct product of a cycl ic  group 

H whose order is mutually prime t o  p and the  p -group F (H is  a 
normal divisor of 0 ); H I  = (b) is the primary component of the group 
H j N the  normalizer of t h e  element b i n  G . Then N i s  a l s o  a 

normalizer of any element of the subgroup H' d i f fe ren t  from unity. 
PROOF. Let us assume tha t  t he  order b i s  p; (p, i s  a prime; 

Let us take an a r b i t r a r y  element a c F  sat isfying the condition 

a Z N n F  , and an element bS HI ( e  $ O(mod pa) ).  The LEMMA w i l l  
evidently be proved if  it isestablished t h a t  a b a bs , 

then a b a = bw and, therefore,  pa = s (mod p;) , 

(16.2) 
Evidently d )1 , since otherw 88 

I-1 8 

-1 8 Let us assume the reverse.  Let a b a - bs . E a-lba = b' , 
This means -1 8 

p t l k d  $) , where d = (pl,s) a 

a ba = b , i . e . ,  a C  N -1 

Let p; 5 p: (0  < j < a)  . By virtue of (16.2), ~1 = 1 + plk 3 , from 
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which 

Therefore 1.1 belongs t o  the exponent p: ( t  ? 0) modulo py . 
If the  order a equals pv ( v  > 0) , then from the equal i ty  

a-lba = bCL there  r e su l t s  the  relat ion ap baPV = bPv = b w i t h  the  
r e s u l t  t h a t  

V 

V 
1.1~ E 1 (mod py) 

This means the exponent p i  ( t  Y O )  , t o  which IJ. belongs modulo p: , 
divides pv ( v  > 0) . 

-1 s The contradiction obtained shows t h a t  a b a # bS . 
COROLLARY. Each G -division of  the  group HI which d i f f e r s  from 

unity contains (G:N) elements and an arbitrary G -division of t he  

characters of the group HI which does not contain the  pr incipal  char- 
acter  rG<g) = 1 consists of (C):N) characters.  

d i r ec t ly  from LEMMA 3.2. 

is sa t i s f i ed  f o r  any character %(g) 1 of the group H' . 

PROOF. A statement r e l a t ive  t o  the G -divisions of Hs r e s u l t s  

If a N ( a  F) , then the inequality %(a-'ga) # $(g) (g  C H I )  

Actually, i f  a cer ta in  character id(g) f 1 were t o  sustain the  
automorphism a-lga , then on t h e  basis of T H E W M  3.1, an element g H 

( g  # 1) would be found such t h a t  a-lga = g and t h i s  contradicts the 
L E M A  3.2 . This means N is  a subgroup w h i c h  r e t a ins  any character 

x ( g )  7 1 
G -conjugate t o  x(g) is (G:N) . 

group and F a p-group); HI =(b) is  t h e  primary component of order 

h '  = py of the group H ; 
The subgroup N can be represented as the d i r ec t  product: N - H'xQ , 
where Q 01 G ' * N '  9 H I: HlxG' , Nt = N n F  . 

Let $o(g),...,xkl(g) a r e  constant K' -characters of the group N 
in adjacent classes w i t h  respect t o  Q , which are obtained by a natural  

continuation of the i r reducible  IC' -characters zo(a) ,  il( a) ,  . . . ,Ll( a) 
of the group HI (go(a) is  the principal character) .  

i n  place, from which it follows tha t  the  number of characters 

LEMMA h . 2 .  Let G P H-F be a Kt -elementary group ( H  is  a cycl ic  

N the normalizer of the element b i n  G . 

Then the function 
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(16,. 2) 

are i r reducible  K 1  -characters of t h e  g r o w  G . 
PROOF. The subgroups N and Q are normal d iv isors  of t h e  group 

G . L e t  &(a) ( the  pr inc ipa l  character), %,(a>, ...,% l ( a )  be absolutely 
i r reducible  characters of the group H t  ; h the  order of G j d = (G:N) . 

~y v i r tue  of the corol lary t o  LEMMA 3.2, the s e t  ? = l x2 , .  . .,&,ti 

n A A 

A A 

i s  decomposed in to  G -divisions each of which contains exac t ly  d 

characters : 

(16s 1.2) 

The set  X i s  a l s o  decomposed i n t o  K' -divisions of characters: 
X = TI ... T 

S 
According t o  the de f in i t i on  of a K' -elementary group, the  group 5 

of S -mappings a e v  of the  group Ht corresponding t o  t h e  Galois 
group of the f i e l d  K,(e) over K' (see DEFINITION 8.1) contains t h e  

group Bf  of au%o?norphisms Q ('P (a) = x-lax ; x € G j a t Hv ) of x x  
the  group H '  as a subgroup. Here 3' is  a normal divisor  of 8 since 

9 i s  an Abelian group. 
Using LEMMA 6.1, we obtain t h a t  each K' divis ion of characters Ti 

/r 

of the  group HI consis ts  o f  several G -divisions X, : 

(17.2) 

The following sum corresponds t o  each 

(18.2) ( a € "  ; i = 1 ...,q 
In conformance w i t h  (17.2), (18.2) and (21.1) t h e  following formulas 

G -division of t h e  characters 'Xi : 
A A 

$"(a) = & ( a )  + ... +&,(a) 

hold f o r  the characters 7(1( a ) ,  . . , ,Iwl( a)  
of t h e  group HI over K1 : 

of  i r reducible  representat ions 

(19.2) xi(a) = %ii (a )  4 . . .+% ( a )  (i=19 ..., s ; s = m - 1) 
i 

(see t h e  formulation of LEMMA 4.2).  

corresponds t o  the K8 -character li of the group HI : 
The minimum idempotent ei (i = 1, ..., s)  of the  algebra R(H ' ,K ' )  

(19 I .  2) 
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The idempotent ei generates a minimum ideal Vi i n  1 ? ( H P , K v ) ,  

which i s  a f i e l d ,  the extension of the f i e l d  K9 . Evidently, ei 

( i  = 1,. , . ,s)  is an idempotent of the center R(G,K' )  . It i s  easy t o  

show t h a t  t h e  elements 
A r d  z 

are minimum idempotents of the center of the group algebra 

i s  the algebraic closure of the f i e l d  

Xi(a-l)a z c (3 is the  order of N j 
cCQ i = 1, . O  . y h 9 )  = T i  a c H '  

R ( N > , j  (2 
K' ) .  

is  separated i n t o  h f  h v i e w  of (169'.2), t h e  s e t  E = e 2 y o o o y e  
G -divisions z 

e = filV...U$ ; Ei ... @ i d  " t  ( 5  = 1,. . .,q) 
A 

L 9 
( the  idempotent e corresponds t o  t he  character 

i.i 
Since N is  a-normal divisor of index d i n  G then on the basis  

of THEOREM 3 . 2 ,  we conclude t h a t  t h e  idempotents 

n 
(see (18.2)) a r e  minimum idempotents of the center R(G,K) , t o  which 

correspond the  absolutely irreducible reuresentatfons of the group G 

o f  t h e  same degree d . 

potents of the center R(G,k) : E! I = { e i 9 , .  . e ,e 

K' -d%visions: E!? = E i t u  ...U E:' , El' =-feliy.r+ye'~ 5 (i = l,e*.ys; 

s = m-1). 
the  minimum idempotents of the center R ( G , R u )  according t o  (20.1): 

(21 .2 )  

Because of  (17.2), (18.2) a n d  (19.2), the s e t  

9 

E t *  of minimum idem- 
, decomposes i n t o  the 

i ir 
'7 

Combining idempotents f r o m  one K P  -division E l '  , we obtain 

z ( q g a - 1 )  +..,+ q; (a=%* z c = r; d e l  = e l f  +...+ e t !  
a t-H' i Q 

z Yi(a-l)a z c = E d z gi(g-')g = d 2 %$A r, 
iri il 

d 

a E H 1  c e Q  g C N  gee; 
(i = I, ..., s j s = m-1) 

Let Fit be an irreducible renresentation of the g r o u ~  G over K f  
U 

correspondfng t o  the idempotent e t  (i = 1,. . .,SI j $; i s  a character 
of t h e  renresentation Tf  . i 

Comparing formula (21.2)  w i t h  (20.1) and (21.11, we conclude t h a t  
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where mi is t h e  Schur index corresponding t o  the character %i(g)  . 
Let us be cer ta in  t h a t  mi = 1 ( i  = 1, * .  ,s) . Let 5 = G'*F . L e t  

us put 
z h '  CI h ,Z c j uf = 8.8 ( i  l,,a.,m-l) (- i s  the order of Gl) 1 h s  (22.2) e = - 

Evidently is an idempotent o f  the algebra R(G,Kf) . Because of the 
equal i ty  eig = Bei , ui i s  an idempotent of R ( G , K O )  . Since e ie j  = ei , 
then uiel P ui and, t he re fme  

c e c ,  

uiQ Ii = R(G,K)el i = 1, ..., m -  1) 
2 The dimensionality of t h e  i d e a l  1; over the f i e l d  K' equals r i d  

(see LEMMA 4 of  p8]). 
the  s inple  algebra 1.i over the  f i e ld  K v  , t he  dimensionality of the 
minimum l e f t  ideal  of the  algebra R(G,K*) contained in I; is  ridmi 
and t h i s  means t h a t  t h e  dimensionality of an arbitrary l e f t  idea l  
is  not  less than the number ridmi , 

dimensionality of the  l e f t  idea l  R(G,K)ui over K f  equals r id  . Hence, 

Because ri i s  the dimensionality of  the center of 

ISI; 
On the  basis of the  same LEMMA, t he  

rid ridmi , fromwhich mi - 1 . Because of ( U t . 2 ) ,  t he  LEMMA i s  proved. 
COROLLAKY. If .G - H*F i s  a K g  -elementary group ( € I  i s  a cyc l ic  

group, F a p -group), then each irreducible Ks -character o f  t he  group 

H is  induced by a cer ta in  irreducible K g  -character of t he  group G . 
PROW. Let us comider the decomposition of t h e  group H i n t o  the 

d i r e c t  product of primary cyc l ic  components 

S 
H - 5 x...x H 

Each i r reducible  K '  -character $, of t h e  group H induces an 
i r reducib le  Kg -character x(j) ,s )  on H . 
If i s  the  pr inc ipa l  character of H , then $ is  evidently induced 

by the  pr inc ipa l  character of  t h e  group G . 
Let the characters X(l),. , . ,%(t) 

of t h i s  group (j - 1,. 3 

s a t i s f y  t h e  condition $ ( j ) ( a )  f 1 
( a 6 H j  ; j P l,, , ,t ; t 4 s)  and l e t  t h e  characters %, ( t + l )  ,,.,,is) b e  

the  pr inc ipa l  characters. 

Because of LEMMA 4.2,  the  character 

by an i r reducible  K '  -character (j) o f  the group G , which i s  
expressed by a formula of  the f o r m  of (160.2) .  

K 9  -character ? ( g )  = ;Cl(l)(g) ... $9(t)(g) of t he  group G . 

(j = 1, . . . , t )  is induced 

Now it is easy t o  see t h a t  the character i s  hduced on H by a 
Since 
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i s  an i r reducible  Kg -character, then x(g) w i l l  a l s o  3e an irreducible 

K v  -character of  G . 
The corollary t o  LEMMA 4.2 
The following notations w i l l  be required in t h e  sequel: 

i s  used in L [12]. 

G an arbitrary f i n i t e  group 
n the  l e a s t  common multiple of the orders of the elements G 

c a primitive n-th r o o t  of  unity 
K9 

( U )  xi, ...,% irreducible K B  -characters of  the group G 

a r ing  of  ra t iona l  integers 

an arbitrary f i e l d  of charae tes i s t ic  zero 

C 
f a f i e l d  o f  ra t iona l  p -adic numbers 
P 
p a simple i d e a l  of the f i e l d  ; ( E )  I P 
P a r ing  of -adic integers o f  the f i e l d  P 

If R Z  C is an arb i t ra ry  ring, then a s e t  XR of  a l l  possible 
l i n e a r  combinations of irreducible K g  -characters $1‘ ..,% w i t h  coeff- 
i c i e n t s  from R can be formed: 

1” 

... + a $ j  j a i C R  ; i = 1 ,..., r) r 
R 

? 
(21y1.2) x* = ICLJi 4 

If t h e  operations of addition and multinlication of elemants from X 
are defined by considering them as functions prescribed on 
is  transformed i n t o  a r ing.  

2 , then XR 
This results from the f i rs t  r e l a t i o n  between 

The unit  of the r ing  XR is the pr inciple  character q ( g )  1 . 

are  fmc t ions  of the 
Since the Kv -characters q ( g )  (i = 1,. . . , r )  a r e  functions of the 

K *  -division of 
K’ -division of the group; 

(22!.2) q(a) = g ( b )  if a and b belong t o  one -division of G . 

G , then t h e  functions < ( g ) ( X H  

Let us introduce the notations: 

( 22 .2) x c . . x ;  x = xp 
Ib? Inasmuch as each character $“g) i s  an integer l i nea r  combinaticn i 

a s u b r b g  of the r ing  f, z .? XF = \cclfl the + . ring . . + a xzt , where ai€ IF 

of absolutely irreducible characters, 

/a s s  
( 5  = 1, ..., 5 )  j il,...,$sA are  characters of  remesentat ions of G which 
a re  i r reducible  over K ( K  i s  the alge5raic closure of K P  ) .  

can be ccnsidered a s  

cc 

The r ing  Xp has been investigated i n  d e t a i l  by itciquette i n  171. 
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IC 2 

/s 
Bacause $i(g) 

Consequently, Xp i s  a subring of t h e  r i n g  A o f  a i l  ?unctions 

is: the  sum of n-tb r w t s  of un i tv  (i = 1, e . .  ,s) , 
P 

< ( g > G I p  f o r  any function & G X ~  and zn arbi t rary eIem?nt 

f(g) ( g e  G )  such t h a t  f (  g )  e Ip , Topology can be introduced i n  the  
r ing  4. according t o  the  followin2 law: Io-+f if f i ( g ) 3 f ( g )  i n  
the r i n g  I%, fo r  all g G G  . There holds [71 

? G G  . 
n 

1 

.e 
TH3ORXM 4 . 2 .  4ny IF -submodulus o f  t h e  r i n g  X p  i s  closed i n  A . 
The r i n g  fp i s  decornosed i n t o  the d i r e c t  sum of undecomposable 

ideals:  

(23.2) 
The decomposition of the  unit of the r i n g  
orthogonal idempotents 

X p  = B1 .+ . . -  + B 
9 
i n t o  a sum of  nairwise Xp? 

?q j 7 . q .  = O  if  i # j  
1 3  (24 .2)  1 = q l  I t  . " .  4- 

corresponds t o  the decomposition (23.2). 

Each of t he  idemnotent functions ,(g) (i = 1,. *,a) takes  on 

3i and 1 . Therefore, the idemotent  

defined by the  s e t  Mi of a l l  elements gG G 

consis ts  of a l l  functions 
1, *,¶I  

C(g)aXp which 

only two values on G : 0 

(i = 1,. . .,q> is  uniquely 
f o r  which pi(g) = 1 (i = 

satisfy the condition: 
The idea l  Bi = Xp4.f 

(25.2) Z(g) = 0 i f  g&Mi (i = 1, ...,q) 

Because of ( 24.2) 

(26.2) i Y j U . . . U M  = G ;  M i n M j  =A f o r  i # j 
DEFINITION 4.2. We s h a l l  designate the s e t s  5,  ..., M the 

?-divisions of the group 

Since %he character IS(g) is  a function o f  t h e  
KP -division of the  group G [see THEOREM 2 . 1  and (21.1)1, then any 
;p -division Mi ( i  = 1, ...,q) consists of several  k" -divisions of G . 

T H 3 O E M  5.2. Svery undecomposable i d e a l  Bi contains a s ing le  

i d e a l  Vi (i 1,. , ,q) . This ideal consis ts  of  a l l  functions &Gi Bi 
such t h a t  (g)  E 0 (mod p )  f o r  any g I G . 

i t i o n  of c73 
Let 

natural m 

9 

9 
G . 

( i  = 1,. I .  , r )  

PiiOOF. "he T H E O E M  i s  proved exactly as is  the  corresponding propos- 

(when Bi i s  an undeeomposable idea l  i n  f ~ )  . 
Bi On the  basis of the E d e r  theorem f o r  idea ls ,  f o r  any 
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Therefore 

There r e s u l t s  from THEOREM 4.2 and (27.2) t h a t  

Now l e t  us assume t h a t  < g V i  . 
y v ( g )  Bi . 

Then there  e x i s t s  a t  l e a s t  one 

element g G G fo r  which (g) p 0 (mod p)  and t h i s  means that  t h e  

function $(g) is a non-zero idemotent i n  the r ing  Bi (i = 1, . . . ,q )  

because of ( 27.2). Since Bi is an undecomposable idea l ,  then evidently 
q ='li. Thus 

(25.2) 

It follows from (28.2) t ha t  there exis ts  an inverse element 
F v  = l i m  5 
tha t  Vi is an unique maximum ideal in t h e  r i n g  Bi (i = 1,. . e ,q) . 

i f  and only if  for  a l l  z c  Xp 

f o r  any function (f:EBi) . This means q p e " )  -1 
m+cn 

CORQLARY. The elements a, b G belong t o  one ;t3 -division o f  Mi 

c ( a >  = 5 ( b )  (mod-@ 

PROOF. If " € M i  , b E  Mj ( i  # 3) , then because of  (25.2), q i ( a )  = 1, 
'fi(b) = 0 and, therefore  

T i (  a) f r i b )  

Because of (23.2) the function 

(mod .p) 
Let us es tab l i sh  t h e  necessfty of the condition of the THEOREM. 

is  represented 

Let 

a ,  b E Mi , r e  Xp . 
uniquely i n  the  form 

(29.2) < =  c1 + ... +F, (EiEBi  ; i = 1 ,..., q) 
As a consequence 6f (25 .21 ,  < ( a )  = q j ( b )  = 0 i f  j # i . 

j 

The s e t  of functions < E  Bi 

T h i s  means 

(30.2) ?(a) = ?i(a> j <(b> = <i(b) 

evident ly  forms the idea l  I C  Bi . Since Vi i s  a unique maximum idea l  i n  

sa t i s fy ing  the condition c ( a )  = 0 

by v i r tue  of THEORIXM 5.2 , then I e 0 (mod Vi). Therefore Bi 
Fi - Fi(a>TfE vi 

Hence, we conclude t h a t  
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for  any element g € G . 
Putting g = b i n  (31.2), we obtain: 

Ti(b) -gi(a) qi(b) k 0 (mod p )  
from which, i n  view of (30.21, y ( a )  s %(b) (mod?) (Ti(b) = 1) . 

The THEOREM is  proved. 
The element g C G  i s  called p -regular i f  the  order of  g i s  

mutually prime t o  D . 
Each element g e G i s  represented uniquely i n  the form o f  a product 

of permutable factors :  g = a g 9  , where a i s  a p -regular element and 

the order of g v  is  a power )of p , The element a is called a p -reg- 
ular  f ac to r  of g . If g i s  a p -regular element, then it  coincides 

w i t h  i t s  p -regular f ac to r .  
L e t  us introduce t h e  following re la t ion  between elements of the 

group G :  

K’ -conjugates (see DEFINITION 8.1). 
g y  gl if p -regular f ac to r s  o f  the  elements g and gl are 

Evidently t h i s  r e l a t i o n  is  reflexive,  symmetric and t r a n s i t i v e  and, 
therefore ,  the  s e t  G decomposes into nonintersecting subsets of mutually 

equivalent elements: 

(32.2) G = NIU . @ .  U$ j N i f l N j  =J\- if  i # j 

of G . 
Each subset Ni ( i  = 1,. e .  ,k) cons is t s  of several  K v  -divisions 

Actually, i f  the elements o f  the group G a re  K t  -conjugate, then 

It is  easy t o  see t h a t  any subset 
t h e i r  p -regular f ac to r s  are a lso  K v  -conjugate. 

Ni ( i  = 1,. . . , k) contains one 

and only one K v  -division o f  the group G consisting of p -regular 
elements. 

This mans t h a t  the  number of subsets Ni equals the  number of such 
K f  -divisions o f  the  group 

then the following formula ho lds :  

(33.2) 

G , i n t o  which only p -regular e l e m n t s  en ter .  
If a is  a p -regular factor  of the  element g e G and Xi., 

p ( g )  E q ( a >  (mod p) 
t Actually, l e t  g = ags  ( a g v  = g v a  5 t h e  order of g B  equals B ) . 

~ J U X  

is s u f f i c i e n t  t o  prove formula (33’.2) f o r  each character 3 
r= alxi + . . . + a (ai€ IF) (see the notations (D)) , then it r 

( i  = 1,. . . , r ) .  
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The representat ion Ill* , t o  which the  character ( i  = 1, ..., r )  

corresponds, induces t h e  representation of  a cyc l i c  subgroup (g) which 

decomposes i n t o  t h e  sum of one-dimensional absolutely i r reducible  repre- 
sentat ions.  We w i l l  have for t h e  character $ of a one-dimensional 

representat ion o f  t h e  group 
%(ag9>  = $(a)$(gv) 

because the congruence 89 0 1 (mod?) is  satisfied fo r  any root  8 ’  o f  
unity of degree p . 

;P -division of Mj 

a and  “1 of the elements g and g1 respect ively,  a re  K g  -conjugate 
and ,  because of (21*.2) ,  G(a)  = e(%) f o r  any function 4 E X P  . By 

v i r tue  of (33.21, c ( g )  s ( a )  (mod?) and r (g , )  5 e(%)  (mod p )  . 
Therefor e 

(g) : 

%(a) (mod p) 

t 

LEMMA 5.2. Each subset Ni is contained i n  one and only one 

PROOF. L e t  g, gle Ni (1 C i e k) . Then the  p -regular f a c t o r s  
[see (26.2) and (32.2)]. 

&d = E(EQ ( m d p )  
Applying the COROLLARY t o  THEOREM 5.2, we obtain t h a t  the  elements 

g and g1 belong t o  one ?-division M, 
J 

LEMMll 6.2. If H = ( a )  i s  a cyclic 
h f 0 (mod p) , then the p -divisions of 

i t s  K g  -divisions.  

PROOF. The group X g  of absolutely 
is isomorphic t o  H . 

( 1 h j L q ) .  

group of  order h and 

t h e  group H coincide w i t h  

i r reducible  characters of H 

Let us assume t h a t  % is  the  generating element o f  t he  group X 9  : 
srIiL , . * . )  Tm = \ a  , a 

‘iri 
all be K *  -divisions of H 5 ti = a * ... + a is  the  sum of  

elements of  a KV -division of Ti (i = 1,. . . )m) i n  R( H , K P )  . Then 

the functions l i (g)  = % il(g) + ... + 

w i l l  be KV -characters of H corresponding t o  i r reducible  represent- 
a t ions  of H over t he  f i e ld  K* . 

This mans t h a t  the  
characters of t h a t  K P  -division of characters t o  which f belongs a re  

represented in t h e  form rll-i 
mappings c=+cWi are automorphism of t h e  f i e l d  KO(&) over Kg . 

S ‘iri 
(g) ( g € H  ; i = 1 ,..., m) 

Actually, ,Xr(gv) = f ( g )  . .. f ( g )  = fC”(g)  . 

where pi a re  in tegers  such t h a t  the 
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of the  group algebra R(H,K1) 
9 em L e t  t he  minimum idempotents el, ... 

be expressed by the  formulas: 

(34.2) ei = $(xiltl + ..e +ximtm) (i = ~ , . ~ . , m )  

rsee - (11.1) and (2O.l)J. Evidently, 6 I p  (i,S = 1 , . . . , m )  
Replacing the elements t by the characters 1 (j = 1,. ..,m) 

i n  (34.2), we obtain m pairwise orthogonal idempotents yl,, . . , 'Irn i n  
the  r i n g  Xp(H) : 

(i = 1,. . . ,m> 

3 j 

1 T~ = r;(x + . . . + x 
Since each p -division of  H consis ts  of several  K 1  -divisions 

of H and the  number of idempotents yli equals the  nunber of K v  -div- 

i s i o n s  of H , then the p -divisions of  H coincide with the K '  -div- 

i s i o n s  of t h i s  group. 
The LEMMA is proved. 
COROLLARY, If H i s  a cyclic group of  order h $ 0 (mod p)  and 

the elements a, b 6 H , then %(a) fc(b) (mod p )  fo r  any K' -character 
% of the group H , when a and b belong t o  one K v  -division of  H 
and there e x i s t s  an i r reducible  K g  -character % f o r  which 
x(a) f X(b) (mod p) if a and b are  in d i f f e ren t  K 9  -divisions of H . 

a l l  i r reducible  K v  -characters $ o f  the  group H , then the congruence 

c ( a )  E S ( b )  (mod 1"> 
account the CORCUARY t o  THEOREM 5.2) and LEMMA 6.2, we ar r ive  a t  t he  

conclusion t h a t  a and  b a re  contained i n  one K Y  -division of H . 

Actually, if the congruence $(a) E g(b )  (mod p) is  s a t i s f i e d  f o r  

a l so  h o l d s  for any function e6 Xp) . Taking i n t o  

LEMMA 7.2.  Let G = H.F be a K v  -elementary group, where H = ( a )  
i s  a cyc l ic  group; F a p -group. If T i s  a K F  -division of t he  

group H containing a and N i s  a normalizer of the element a i n  
G , N9 = F n N  , then the s e t  TNp is a p -division of  G . 

evidently K g  -conjugate t o  a . On the  bas i s  of LEMMA 5.2, it follows 
from t h i s  f a c t  t h a t  T N I G  M , where M i s  a cer ta in  p -division of 

the group G . This means 

(35.2) E ( a )  q ( g )  (mod p) i f  g f  TNf 

components have the form 
(36.2) 

PROOF. The p -regular factors  of elements of the  s e t  TN? a r e  

Let the  decornosition o f  H into a d i r ec t  product of primary cyc l ic  

H =  % x  ... x % 
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By v i r tue  of  (36.2), we obtain t h e  decomposition of the element 

(37.2) a = 5 ... ak (Hi = (ai) 5 i = 1,. . . > k )  

Q, = (5 x ... x . H ~ - ~  x Hi+l ... x €$)-Ni 

a : 

Let Ni be the normalizer of the element ai i n  G j Ni = FnNi j 

(i = 1 ,..., k) 

Evidently, 

(38.2) 

Ni = Hi x Qi (i = 1,. . , , k )  . It i s  easy t o  see t h a t  

N = Nln ... ?ifT( 
Let ( t h e  pr inc ipa l  character), x2 , . . . , $ (i) be all the  

q i  
i r reducible  K’ -chmacters of  the group (i = 1, .. .,k) . For each 

Hi (i) (1 C j 6 si) such tha t  i (i = l,..-,k) there  e x i s t s  a character 1 
%ji)(ai) f 0 (mod?) . Actually, if $!i)(ai) = 0 (mod p )  (j = 2,.e. ,q) 
then 

(39.2) 

since $ki)(ai) = 1 . On the other hand 

j 
J 

qi ( f )  
2 $j (a,) a 1 (mod?) 
j =l 

Pi 

(40.2) 
J 3 =I 

(i) (‘1 are a1.1 the x3 (ai) , where xl , ..., j h i  

(see (IV), § 1) . 

q i  z $)(ai) = hi z (i) because 

i r reducible  characters of t h e  group H, 
j =1 3 U 

(i = 1,. . . , k )  
A 

There r e s u l t s  from (39.2) and (40.2) the contradictory congruence: 

L e t  us se lec t  the  character $!i) (14 ji 1 si) o f  the group Hi 
1 0 (mod p )  . 

. I  2 
-1 

(f = 1,. . .,k) s a t i s fy ing  the condition: ai) P 0 (mod p) , According 

t o  LEMW 4.2,  a K’ -character r!i) of the group Hi is induced by the 

K g  -character (i) of the group G : 
J i  

ji 

if g €Ni and g = bic (biE Hi ; cf  Qi) 
(i = l , . @ . , k )  

Let us consider the  KB -character ;C’(g) : 

(42.2) 7%) = p ( d .  . .%;(k)(p) k 
1 

A s  a consequence of (37.2), (41.2) and (42.2) 
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. 
48 

(i) 
3, 

Because p i s  a prime idea l  and $ 
obtain t h a t  

(ai) -? 0 (mod r j )  (1 = 1, ..., k) , we 

(42 9.2) 
From (42.2), (41.2) and (35.2) there  follows the  equality:  
(43.2) ';c'(g> = 0 if ge N 
Comparing (42v.2) and (43.2), w8 arrive a t  the re la t ion :  

(44.2) 0 $g(g) f Xg(a> (mod p) if g c N  

g Z T "  . Th'en g is represented i n  the  form: 
(45.2) g = a n7 where a e T , n g G N B  

i * ( a >  p 0 (mod ;PI 

Now, l e t  us take an element g C G sa t i s fy ing  the conditions: g Q N  ; 

t, t -  

Because of t h e  COROLLARY t o  LEMMA 6.2, there  r e s u l t s  from (45.2) t h a t  

there  exists an i r reducible  K g  -character of the group H such t h a t  

(46.2) j+&) (mod?) 

On t h e  basis  of t h e  COROLLARY t o  LEMMA 4.2, t h e  character $. i s  induced by 

a ce r t a in  i r reducible  KP -character 7dp of the  group G . Hence 

(47.2) 

(48.2) 7c9(g) $ z s ( a )  (mod?) if g€N and gzTNv 

a n d  (48.2) prove t h a t  TNa i s  a 73 -division of t he  p o r n  G . 

order m of the group G ; X(G) and X(H) integer r ings  of Kc'  -char- 
ac t e r s  of  the groups G and H , respectively (see (22 !  O .  2)) ; R a r i n g  
of all functions f ( g )  i n  the group G which s a t i s f y  the  conditions: 

r. 

d 

Xc'(g) = y P ( a t n 9 )  S z v ( a t )  (mod p) 
Since ?'(at) =%(at)  , then by v i r tue  of (46.2) and (47.2) 

Because of the COROLLARY t o  THEOREM 5.2, the r e l a t ions  (35.2), (44.2) 

LEMMA 8.2. Let G be an a rb i t ra ry  f i n i t e  group; H a subgroup of  

/v 

J 

1) f ( g )  takes on values i n  the f i e l d  K v g 2  K f  and is  a function 

2) f (g )  induces the function fH(g) E X( H) i n  the  subgroup H , 

If I is  an i d e a l  i n  the r i n g  X(H) , then the s e t  I* o f  functions 

of a K c '  -division of  the group G , 

<*(d * - 1 m 

t ( g ) f  I , farms an ideal  in t h e  ring 'ii (it 

Because o f  (49.21, e* - ?* = (g  - q ) * C  I'e &,?€I), Let 

Z &(c"~c)  (C(cn1gc> - 0 if C-lgcZ H ) 
C 4  G 

(49,2) 

induced by the  functions 
is  evident t h a t  X(G) % ). 

f ( g ) € %  , q ( g ) f  I and fH(g)  be a f u n c t i m  induced by f ( g )  i n  H 

( f (g)  = fH(g) f o r  a l l  g € H) . Then as  a consequence o f  (49.2) 

PROOF. 
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where f H ( g ) r l ( g ) 6 1  since 7 ( g ) €  I . 

R = (y, . . ,urn) , then we w i l l  denote a r ing  of  i i noa r  ccmbinstions 

{xlul .e .,. +Xmum) , where T iC, I p  , by means of Rp and the b a s i s  

elements ui (i = 1,. , d9m) a re  multiplied exactly a s  i n  the r i n g  R 
(see the notations (U)) , 

If R i s  a r i n g  w h i c h  i s  a grow of  l i nea r  forms over C : 

L!!~I.bl'l ? .2 .  Izet  R be a r ing  w i t h  Lhe un i t  whose elements form a 
group of l i n e a r  forms over C w i t h  resnect t o  addition; l e t  T be an 
idea l  i n  El , E 'I;p = Rp f c r  a l l  primes D , then T = R . 

PROOF. Let us consider R as a subring of I+ . 'The maxiinurn number 

of elements of the r ing  
the rank of R over C a n d  the maximum number elements i n  the r i n g  Tv 

which are l i n e a r l y  independent over IF equals t he  rank of T over C . 
Since T = R , then the raris of the f r ee  Abelian groups R a n d  T 
coincide. 

Rp which are linoax-ly indopendent over IF equals 

Hence, i f  u ~ ~ . ~ ~ , u ~  is t h e  basis of T over C , then the  following 
r e l a t i o n  holds : 

f.1 = y u ,  + + a u (aie c ,  re^ , i = I , . * * , m )  
L m m  (50.2) 

We conclude from the equal i ty  

(51.2) 
Comparing (50.2) and (51.2), we arrive a t  the re la t ions :  

(52.2) 

R p  = Tp t h a t  i n  Rp 
1 = ply 4- ... + "urn 

a i - = Pi € I p  7 

(pie IF j i = 1,. . . ,m> 

(i = 1, ..., m) 
Formulas ( 5 2 . 2 )  a r e  valid f o r  a l l  primes p (p z 0 (mod T ) ) .  A 

r a t i o n a l  number which i s  a 
the r i n g  C . 

u +  "1 This  means 1 = - 
The IXIWA i s  Droved. 
Let G be an a rb i t ra ry  

$ ( G )  j vi a m a x i m u m  ideal  

7 1  

-adic  integer f o r  any prime D belongs t o  
s 

a ... .+$ E T  and T = R . 

f i n f t e  group; Bi an undocornposable idea l  i n  
i n  Eli ; qi an idempotant generating the 

block Bi i n  X p ( G )  5 Mi a -division of the group G , corresponding 

t o  Bi j aiC Ilk a p -regular e lemnt;  D O C  Mi the  s e t  of all elements 
of G whose p -regular f a c t o r s  a r e  KY -conjugate t o  ai j NK8(ai) t h e  

Kg -normalizer of the element ai in  G ; Fi a Si lou  p -subgroup of 

J -  



. 

. the group NKg(ai) ; G; = (a . )F  is a I<! -eiementay sugroup O f  t h e  

group G ; Ni 
a KD -dTvfsion of  the cyclic grczlp (ai)  corLtaic%nr: t h e  element a 

1' i 
= F, {')Ni ; Ti is 

1 
the normalizer of ai i n  5' i y  

i 
(i = I,...,& 

By v i r t u e  of LEMMA 7,2, t h e  s e t  TiNi is  a ?f3 -division of t h e  group 

G I  
Therefore, there  ex i s t s  the idempotent 

if g CT." 
i i  

d I  
( 5 ' 3 . 2 )  = \ ( g q )  

9 if 
i n  the r i n g  $(G;)  

X p ( G j )  

DEFINITION 5 - 2 -  The i d e a l  Ei ger-srated by the idampotent Ti i n  
w i l l .  be called an elementary blglck corresponding +,e the ideal  B i  +t- 

(i '= I,.".)q> " 
T H E O E M  6.2. The idea l  Bi consists of till func t ims  C'GXp(G) 

induced by the f u c t i o n s  C & E i  (Ei i s  an elementary '->lock ccrresoonding 

t o  Bi) (i = 17a..9q) a 

PROOF. Let <*e Ei . Then t h e  induced function t$"e$(G) is 
exnressed, according t o  (49.2),  by the forrrm~la; 

1 
1 ce.G 
By v i r tue  of LEMMA 8.2, the s e t  

m . 2 ;  $"(d = T=m c E(c-%c)  
-1 - where 

E;'+ of  fwct ions  e lc 5 Ei) 

'The block Ei consists cf all fur,etions $ C  $(Gd) sat isfying 
t h e  condition: % ( g )  = 0 i f  g z T . F .  . This means tna t  &(g)  = 0 

if cL1gcCTiN; f o r  a l l  c E G  , i . e . ,  i f  the p -regular f a c t o r s  of  
the elements g and ai are not  K c  -conjugate (<eiTi) . 

i 5l.4 '! " 2 )  E-:$( g )  = 0 i f  ~ C D ~  

From t h i s  we conclude t h a t  E-'CBi because '3i c o n s i s t s  of all func- 

& (c-lgc) = 0 i f  c gcG G;1 . 
generates arl idea l  i n  X$G) , i 

1 

Hence 

Since D.CMi , then because o f  (5b1.2), e - ( g )  = CJ when gZMi . J 

J- 
&l-- 

%ions z G X * ( O )  such tha t  $ ( g )  ';J 0 if gCMi . 
h t t i n g  g = ai and = 9; i n  (Slc.2). we obtain: 

-1 * when e a, C E  5;. ) . 

element ai i n  the $" -division Ifli (i = I, . , q >  . 

v i r tue  o f  (53 21, fcrmula (55 .2)  can be wri t ten as: 1 
I__- - .-I_---. ---I 

$6 The block Ei deDends cn t h e  select ion o f  the n - r o , T l a r  



. 

. 

( 5 9 . 2 )  

where 

- !  

Because ai i s  a p -regular element, 2 ' a , c f T  N? i f  and only i f  

c-'aiceT , i . e . ,  when c$.NK!{ai) . 
1 i A  

On the  b a s h  of the last remark, we Dbtain from ( 5 5  j ,  2) : 

Since G s  contains t h e  Silcw p - ~ ~ b g r o w  of the  g s u p  NKt(ai) , 

~ i R ! a = )  p 0 ( m ~ d  7) 
then because D f  ( 56.2) 

(57.2) 
According t o  THEOREM 5 .2 ,  t h e  cor-gruern-e f i g )  =, 0 (mod p' ( g  is 

an a r b i t r a r y  element 3f t h e  g r x p  G ) i s  s a t i s f i e d  f o r  t h e  f u c t i o n  

A 

(Became of THEOREM 5.2, Vi i s  a s b g b  m i m m  i d e d  bA the  r i n g  Bi .> 
The THEOREM i s  proved, 

Taking i n t o  account; (Sh' ' .2) and ( 5 7 , 2 ) ,  we a r r i v e  a t  the re la t ions :  

~ c - ( g )  = 0 if g g D  j q;''(a 1 1 f 0 (mod ) 
J 

( 5 9 . 2 >  
The equal i ty  D, I M. r e s u l t s  from the existence of the funct ion 

g )  sa t i s fy ing  the conditions ( 5 9 . 2 )  and from the inclusion D . C M ,  
J-- 

Hence, t h e r e  holds 

T H l l O E M  7 .2 .  Each -division of the  qroun G consis ts  of all 

J 1 

on the b a s i s  of the COriOLLIlRY t c  THEOREM 5.2. 

elements of G having K Y  -conjugate p -re.;ular fac tors .  

This mans the number of undecomposa%le i d e a l s  i n  t h e  d i r e c t  decompos- 

i t i o n  of  the r i n g  Xp equals t h e  number of KO -divisions of G which 

contain B -regular elements. 

Comparing (23 .2)  and (58.2), we obtain the d i r e c t  decomposition: 
>c 0 (60.2) X p  = El .t ... + Z" 
9 

where 

the undecomposable d i r e c t  components B1,. " .  ,Bq of the r i n g  Xp . 
El, . . ., E i s  a system of elementary blocks corresponding t o  

9 
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. 

The decomposition o f  (60.2) i s  valid for  any prime p 

Let X be an integer r ing  o f  K* -characters of the  poup  G 

(see (22.2)); 5, o . .  ,H a l l  the K* -elementary subgroups of t he  group 
G 3 Xi the integer  r ing  of the K9 -characters of the  group Hi 5 Xf 
the  s e t  of all functions of t he  r ing  X inducsd by functions from X 
( i  = 1, . o . , s )  . 

(p = 0 (mod PI). 

S 

i 
Then the decomposition (not d i r ec t )  holds :  

9 
(61.2) x = x1" * ... * x s _  

Actually, by v i r t u e  of LENMA 8.2, the  sum X = X: + , + X z  is an 
A/ 

ideal  in X . On t h e  bas i s  of (60.2), Xp= Xp for  all primes p . 
Applying LEIYMk 9.2, we obtain t h a t  ? = X . 

from (61.2): 

The following theorem, generalizing the  Brauer theorem [fl , r e s u l t s  

THEOREM 8.2. Each character of the group G corremonding t o  the 
representat ion of the  group G over the  field K Y  of cha rac t e r i s t i c  
zero is an integer l i n e a r  combination of K B  -characters induced by K f  
-characters of Ks -elementary subgroups of the group G , 

DEFINITION 6 . 2 .  
KO -characters X generalized KP -charactePs of t h e  group G . 

values i n  the  f i e l d  K Y 8 Z K P  , is a generalized K g  -character of the 

group 

Let us call the elements of t h e  integer r i n g  of  

THEOREM 9.2. The function f ( g )  , prescribed on the group G w i t h  

G Ff and only i f  the following conditions a re  sa t i s f ied :  

1) f (g )  i s  a function o f  the  Kg -divisfon of the group G , 
2) f ( g )  induces a generalized K V  -character o f  the  K g  -elementary 

subgroup of t h e  group G i n  each subgroup. 

PROW. Let % be the r i n g  of all functions f ( g )  w i t h  values i n  
the f i e l d  Kg ' 2 K V  sa t i s fy ing  conditions 1) and 2) of the THEOREM. It 
is  evident t h a t  XS$ . 
R o C X  generated by Kv -ohmactem induced by KY -characters of t he  
K B  -charactera of t he  KV -elemn.tary subgroups of the  group 0 ia an 
i dea l  i n  the  r i n g  R . By vi r tue  of TI-EONIM 8.2,  Ro = X . This meam 

On t he  basis o f  LEMMA 8.2, the  submodulus 

t h a t  Ro pe: X a R , 
The THEOREM ie proved. 

THEOREM 9.2.generalizes the fundamntal r e s u l t  of the work [6], 
THEWM 10.2. The integer r i n g  of K v  -characters of a f i n i t e  

group, where K g  is an a rb i t r a ry  f i e ld  of  cha rac t e r i s t i c  zero which i s  
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. not decomposable i n  a d i r ec t  sum of ideals.  
PROOF. The integer r i n g  X of K! -characters of the group G can 

Ir A 
be considered as a subring of the ring X , where X - an integer r ing 
of characters of the group 

ations of G over a f i e l d  K - i s  the a lgebraic  closure of the f i e l d  K'. 
be a r i n g  of absolutely irreducible characters of the group 

G over the f i e l d  K . The elements Xt a re  a l l  possible l i n e a r  combin- 

a t ions 

G corresponding t o  the irreduci'ole represent- 
6 

n 
Let 

a A 

A A 

a$1 4- * a *  + as& 
b A 

( O i c  2 j f = 1, * .  ,s j xl,. . y &  are absolutely irreductble characters 
of t he  group G ) .  

L e t  us assume t h a t  5 , .  ,C is a c l a s s  of conjugate elements of 

t h e  group G j hi the order of  t h e  c l a s s  Ci ; ?, ." . ,as  t h e  system 
of representatives of classes C1,. . *  'CS 5 h the order of G . Let us 
consider the elements 

S 

n 
ei€ Xk : 

(62.2) 

I 

This means t h a t  ei, .... e a r e  idempotents of the algebra & . . s  
Because of (53.2), eA(g)ej(g) = 0 i f  f # j ; el + ... + e = 1 

S 
( the  unit of t he  algebra % i s  t h e  p r inc ipa l  character ' $ (g )  Z 1 ) . 

xt over K then Xt i s  a semisimple algebra over K . 
Since the nurnber of idempotents ei equdls the rank of  t he  algebra 

Ir f i  A A 

A 

Each idempotent e e X 2  i s  represented i n  the form o f  a sum of 
c e r t a i n  of the idempotents el,.-. ,e : 

(64.2) e = e + ... + e ,  (1 4 t 4 s)  

On t he  bas i s  o f  (64.2) and (62.2) 

S 

"t 

h + ... + h 

$l *... il it 
h 

m I 
h + ... + hi il - t C ( C  i s  the r i n g  of 

h Since hl + ... + hs = h , then 
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ra t iona l  numbers) 

But i n  t h i s  case 

if and only if hi  + ... + h i  = hl + ... + hs = h  . 
1 t 

+ e  = 1 .  e + + ei, = el * ... S e, I* I, 

Thus, t h e  r ing  X contains on l j  t r i v i a l  idempotents. This means 
A 

the  r i n g  X S  X i s  undecomposable i n t o  a d b e c t  sum of i dea l s .  

The THEOREM i s  proved. 
Exactly as the theorem inverse t o  the Brauer theorem i s  proved i n  

[l3], l e t  us prove a theorem inverse t o  THEOREM 8.2. 
Let us s a y  t h a t  the system of subgroups 

has  t h e  property ( B )  i f  each KI -character of the group G is  an 
integer l i n e a r  combination o f  K g  -characters induced by K: -characters 
of the  subgroup Ha . 

it is easy t o  s h m  t h a t  the system of subgroups M = [ H a l  has the  property 

(B) i f  and only if  any function of the KC -division of t he  group f(g) 

( f (g )  E K B 8 D K P  - ) which induces a generalized 
group Ha on each subgroup, i s  a generalized K F  -character of the  

group G . 
Hence, there  r e s u l t s  t h a t  by replacing any subgroup 

system M = {Ha) sa t i s fy ing  the condition (B)  w i t h  a subgroup H Z H a  

or a subgroup conjugate t o  and also by adding new subgroups t o  the 
system 

(B) 

M = fH,{ of the  group G 

Continuing the  reasoning on which the proof of THEOREM 9.2 w a s  based, 

K f  -character of  t h e  sub- 

€1, i n  the 

Ha 
M (discarding subgroups f r o m  the  system s o  t h a t  the  property 

would be re ta ined) ,  we again obtain a system having the property 

Two systems of suSgroups M and  M! sa t i s fy ing  the condition (B) 
(B)  . 

and obtained from each other by the  tramformation mentioned, we s h a l l  

agree t o  c a l l  equivalent.  
If the  system of subgroups M = iH,{ of the  group THEOREM 1 1 . 2 .  

G h a s  the property 
any KC -elementary subgroup E ' S G  , which contains a subgroup conjugate 
t o  E t  . 

(B)  , then there e x i s t s  a subgroup HaG M for 

Hence, t o  the accuracy of equivalence, the  system of I i f  -elementary 
subgroups of G i s  a single s e t  of subgroups having the property (B)  . 

-regular element a and a p -subgrsup P g 6 N K g ( a )  (NKy(a) is  the 
PROOF. L e t  E t  be a K' -elementmy subgroup generated by a p 
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. 
K' -normalizer of the element a i n  S 3 , I e t  us adjcin P" t o  the 

SiPow p -subgroup PGN,,(a) and l e t  us shcw t h a t  2, x b g r c ~ p  H e M 
is  found whfch contains a subgroup csr;,iugate t c  " L e  ,PELT 

be an a r b i t r a r y  i n e d u c i b l e  

subgroup H. . According t o  (18.2) 

a 
2 = l a ,P ]  . 

JZ' -,character csr" a cer ta in  

r hvht  r 

L e t  qij 

1 

( g )  = z _I__ ' ij (b t )  = Z a ijt * i j  (bt) 
t=l h g . h a  i j  t=l 

c 
a gGCaT;JH 

, i t  h (65 .2 )  ' l i p )  = .m 

where h is the order of G ; hv the o r d e r  of  Iii ; C the c lass  of 
conjugate elements of the group ? Tenerated hy the element a ; 

b l ,  ' . ,br 
Ci, . . , C y  of the group Hi into which the intersect ion C C l H  i s  r a 

the group H ( t  = 1,. . . ,r> . 

a 

a system of representatives Df classes cf c o r i j ~ q a t e  elements 

decomposed; h i  i s  the order of the class of conjuyatJe elerrients c; of  

is  the order of t h e  normaiizer 17 \b ) 3f the element h 
K = "  ? t  Since 

a h u  bt i n  G and = n ?  i s  the order of t h  norna l izzr  -LJ (S,) in H 
"; b i ht 

a can a l s o  be considered as the index cf the Ky -normalizer 
in the E i t  -r,orn;ali?er !JTTL(bt) 

ij t (i) _ _  N K P  (bt) of the element bt i n  Hi 

of the same element i n  the  group G . 
Actually, because the s e t  of elements E G G  sat isfyinq the cond- 

ition g b,g = bf (IL is  a fixed numberj T w m ?  a cont igwLs c lass  of  -1 
lJ LJ 

the g r m ~  G by means of' N ( b  ) , 
s i s  the numSer of  elements o f  the 
t o  b and i n  exact ly  the same way 

G t  

t 
This means (NK?(bt):NK9 ( f )  (b t ) )  

Since the system of subgroups 

the o rde r  of Nxl(b+,) i s  ns , where 
cycl ic  q r o m  ( b A  j I:: -conjugate 

the o rde r  of I'($)(bt) i s  n c s  . 
1A 

ns n - 
i j t  * 

- = = ? = a  
PI = f I I - 1  has, according t o  the cond- 

1 

i t i o n ,  the nroperty (B) , then Z. fij?ij = 1 (fij a r e  integers),  from 
which by vir tue of (65.2), there r e su l t s  t h a t  €or cer ta in  

(66 .2)  

i,J 
5 ,  j ,  t 

a f 0 (mod p>  ij t 
It foll8ws from (66.2) t h a t  N(ii(bt) contains a Silow p -subgroup 

Q of the group %,(bt)  and t h i s  means t h a t  the E i I J  -elzmentary subgroup 

is 
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A s  a consequence of the inc lus im 5 Y CC (b, = c-lac j c € G )  

we conclude t h a t  cwlPc is a Silow D -subgoup of ;he group NKt(bt) . 
This mans t h a t  dml(cLYIPc)d = Q f o r  a cer ta in  element d€=NIC,(bt) , 
from which (cd)"'Ecd = E 9 S H i  . 

The THEOREM is  proved. 
I am grateful  t o  I A .  B. Lopatinskii a n d  I. R. Shafarevich f o r  a 

Uzhgerod Oct. 1 7 ,  1956 

t' a 

number of valuable remarks. 
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